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= Sparse dequantization [B., Gerkmann, and Lorenz, 2016]
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= Sparse linear discriminant analysis [Cai and Liu, 2011]

= Sparse precision matrix estimation [Cai, Liu, and Luo, 2011]
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= Sparse dequantization [B., Gerkmann, and Lorenz, 2016]
= Sparse linear discriminant analysis [Cai and Liu, 2011]
= Sparse precision matrix estimation [Cai, Liu, and Luo, 2011]

= Chebyshev estimation [Stiefel, 1959, Appa and Smith, 1973]
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Introduction
min [1x[|1 pin l1Bll1
st [JAx—blle <4 st [XT(XB—Y)[eo <A

= Sparse dequantization [B., Gerkmann, and Lorenz, 2016]

= Sparse linear discriminant analysis [Cai and Liu, 2011]

= Sparse precision matrix estimation [Cai, Liu, and Luo, 2011]
= Chebyshev estimation [Stiefel, 1959, Appa and Smith, 1973]
Dantzig selector [Candés and Tao, 2007]
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T
min x|z
xcRn
st. [[Ax—D|eo <6
X* : [Opin, ) — R™
(solution mapping) !
*
X ([5minr oo))
(solution path)
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T

e %[l

st ||Ax—Dblles < &
(x*,y*) optimal pair
Ty
)
~ATy" € ollx"[lx
AX" —b € 59[ly"[l1
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Basic idea

Solve a sequence of problems with
0+ 41 K-1 o 4K =hie el
5 >5 >>5 >§ :§ AX*—bE(58||y*||1

and optimal pairs
(0¥, &y, o YR, (L YE) = ().

Motivation:

L. Transitions (x¥,y%) — (x¥t1, y**1) are easy.
2. (x%,y%) = (0,0) is optimal for 5% > ||b||co.
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Transitions

1. Fixx¥ and 0¥ and search y**1 such that:

—ATy e 9xK|y
A —Db € 659y,

2. Fixy**1 and search x**1 and t**1 such that:

7ATyk+1 e aHXk-H”l
AxEtL —be (5k _ tk+1) 3\|Yk+1||1

3. Set skl .= gk _ thtl
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Subdifferential

S=1{j:x #0} W= {i:[a/x—b;| =}
(primal support) (primal active set)

T (i AY =1} 0= {isy £ 0}

(dual active set) (dual support)

—ATy" € 3x*
Ax"—b e dally*[x

9lxls = {g € [-1.1]" : g5 = sign(xs)} |
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Dual update

LP with |W| variables and 2n — |S| constraints: AT e ok,

AxE — b e 55 9|yt ||,

yk+1 € argmin szy
yeR™
s.t. —Ady = sign(x§)
T

-1 < -Aky <1

—sign(AVx* — by) Oyw < 0

ch =0

Question: How must we choose ?
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Primal update

—ATyH e Ay

AL b e (65 — K+ gk
LP with |X| variables and 2m — |Q)| 4 1 constraints: € @ =t

& e arg max t
(x,t)eR" xR
s.t. A% —bg = (&5 —t)sign(y5)
—(* =1 < A%x—bge < (5—1)1
ATYk+1 Oxx <0
Xyc =0
t < &Ko
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Theorem of the alternative

y¥*tL is optimal in the dual update (x¥,0) is not optimal in the primal update
there exists no feasible descent there exists a feasible ascent
direction w.r.t. ¢ at y<*+! direction w.r.t. t at (x¥, 0)
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Theorem of the alternative

y¥*tL is optimal in the dual update (x¥,0) is not optimal in the primal update
there exists no feasible descent there exists a feasible ascent

A

direction w.r.t. ¢ at y<*+! direction w.r.t. t at (x¥, 0)

Farkas’ Lemma
with 1 = —sign(Ax¥ —b)
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Theorem of the alternative (2)

y¥*tL is not optimal in the dual update (x**1, 0) is optimal in the primal update
there exists a feasible descent there exists no feasible ascent

A

direction w.r.t. ¢ at y<*+! direction w.r.t. t at (x**1,0)

Farkas’ Lemma
mit ¢ = —sign(Ax¥t1 —b)
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K]_' H OUDINI HOmotopy UnDer Infinity Norm constraints

Input: A € R™*™, b e R™, 0 <6 < [|b]lec
8% ¢ |[blloo 5%
00

So @

Wo « {i: [bs] :(50}
k<0

repeat
vt dual_1p(xK, Sy, W)

Oy {i: ¥ £ 0}
S e G0 AT =1)
[ 1) o primal_1p(y< T, By, O )
Skl gk ikl
Sk e i £ 0)
Wiy  {i: \a;rxk“ —by| = ok}
ke—k+1
until 5 = 5 or t* =0
return {xo 44444 xk} and {(50 ,,,,, (5k}
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Finite termination

Theorem (B., Lorenz, and Tillmann, 2018)

{1-HoubiNI returns an optimal solution after finitely many iterations.

Proof idea.

Use the above Theorem of the alternatives to show that each combination of support S,
active set W and associated sign patterns sign(xs) and sign(A%¥x — by ) can only occur
once among all iterates of /;-HoubINI. O
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Upper Bound

Theorem (B., 2018)
The number of iterations in £;-Houbini is bounded above by (3™ + 1) /2.

Proof idea.

Show that the same combination of support S and active set W cannot occur in
combination with opposing sign patterns sign(xls‘) = —sign(x§) and

sign(AVx* — by) = —sign(A¥x! — by). O
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Worst case

Theorem (B., 2018)

In the worst case, £1-HouDINI has to perform at least (3™ + 1) /2 iterations.

Proof idea (Mairal and Yu, 2012).

For arbitrary n € IN, construct A(® € R™*™ and b(™ & R™ recursively:

A . |:A(n—l) zanb(nfl)] @) <b(n71)

= .- @ .—
0 by by ), AV = eRy, bW i=byeRy.

Under appropriate conditions on &y, and by, it holds that K™ = 3K(™=1) — 1 for the
respective numbers of iterations.

, N 3141
If the statement is true for dimension n — 1, then K® =3. — = 1. O
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Practical aspects

= Linear programs for primal and dual updates can be warm-started with x* and y¥,
and solved efficiently using a dedicated active-set strategy.

= Need |W| equations in |S| variables for an ascent direction in the primal update, and
|X| equations in | Q)| variables to compute a descent direction in the dual update.

= Box constraints « < Ax —b < B can be handled as well.

= Modification for problems with arbitrary linear constraints is possible.

Solution path can be used for the purpose of cross-validation.

Technische

Universitit C. Brauer | A primal-dual homotopy algorithm for sparse recovery with infinity norm constraints | Page 16 of 18
Braunschweig




m X n 3 N W] {1-HoupiINi GuRoBI
act.-set GuRroOBI standal.

512 x 1024 4.09 34 512 0.98 2.58 0.46
72 0.53 2.64 0.46

512 x 1024 4.54 51 512 1.80 103.35 1.26
96 122 - 1.09

512 x 1536 0.72 14 512 0.24 3.60 0.83
31 0.24 3.77 0.81

512 x 1536 4.58 22 512 0.42 15.92 163
43 0.29 10.40 153

512 x 2048 3.20 51 512 5.86 - 113
141 3.79 - 0.98

512 x 2048 0.58 20 512 0.79 - 193
45 0.44 16.13 142

512 x 4096 1.47 10 512 0.20 18.36 126
38 0.16 106 122

512 x 2048 2.78 10 512 0.14 8.32 125
32 0.09 0.86 121

1024 x 2048 4.79 84 1024 0.77 213 0.07
148 0.82 2.02 0.07

1024 x 2048 4.83 27 1024 191 - 3.51
55 0.80 38.83 2.77

1024 x 3072 0.87 18 1024 0.91 19.65 3.36
47 0.76 17.49 3.42

1024 x 3072 4.86 99 1024 26.57 - 179
234 16.46 - 159

1024 x 4096 4.79 97 1024 36.53 - 2.99
245 2736 437.62 2.69

1024 x 4096 248 26 1024 247 - 6.85
60 133 50.41 3.99

1024 x 8192 4.02 20 1024 141 23.21 5.34
64 134 20.67 5.29

1024 x 8192 0.80 9 1024 0.82 - 512
43 0.42 - 5.27
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