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Problem

» Task: Decompose an observed image u° into a cartoon part u, a texture

part v and a noise part w such that u+ v+ w = u°.
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General Variational Approach

» Let O C IR? be the image domain and u® : QO — R.

= Solve the problem

min  aF,(u) + BF,(v) + YF,(u° — u—)

u,v

with positive constants &, B, v and appropriate functionals F,, F,, F,,
which capture discriminating features of cartoon, texture and noise.
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Rudin/Osher/Fatemi Model [1992]

= The problem

. 2
I O RS

yields a decomposition into two components.

= Meyer: The ROF model does not capture texture properly.
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Meyer Model [2001]

= Meyer’s G-Norm:

G(Q) = {ve *>(Q)|Fg € L®(QAR?) : divg = v}
vl = inf {[llglll~ | divg = v}

= The problem

min aTV(u) + B|vllg st utv=1u

(u,v)EBV(Q) x G(Q)
separates cartoon and texture properly.

= There is still no third component that allows to discriminate texture
and noise.
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Vese/Osher Model [2003]

= Reformulation of Meyer’s model:

i TV w s.t. divg = u°
(Uvg)eBV(g)'QLw(Q’RZ) aTV(u)+BlIglll- s u+divg=u

= The problem

warenvBinuary T W)+ 5 llgllle 2 [ = u—divgll,

approximates Meyer’s G-Norm and relaxes the equality constraint.

= |t allows for a decomposition into three components!
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Discriminating Features of Texture and Noise

Texture features oscillations in the sense that local averages are close
to zero, especially the total positive mass and the total negative mass
are almost equal.

= Gaussian noise has a similar characteristic. Hence, the separation of
texture and Gaussian noise is inherently difficult.

We focus on impulsive noise: The total positive mass is almost equal to
the total negative mass but local averages are in general not close to
zero.

Idea: One can move the positive and negative mass around to cancel
each other out. This is cheap for texture and expensive for impulsive
noise.
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Transport Problem in Kantorovich Form [1942]

®» Let 1, v be measures on () with equal mass and
c: O xQ— Ry U{0}. Then,

inf {/ c(x,y)d(x,y) | proj, T = u, proj, T = 1/}
OxO

7T

is the minimal cost to transport u to v.
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Wasserstein Metric [1969]

= In case c(x,y) = d(x,y)P for some metricd on Q and p > 1,

1
P

Wit v) = inf { [ dlsy)drelu) | proi = o projy = v
QxQ

T

is a metric on the space of probability measures.

= Kantorovich-Rubinstein duality:
i) = sup | [ feu—v) | tptf) <1}

= Wi(u,v) is infinite in case u and v have different total mass.
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Kantorovich-Rubinstein Norm [2014]

= Avariant with finite values for measures with different total mass is
=g =560 { [ £ =) | llew < 7. 1197 < B}
= Dualizing again, we obtain
illkr, gy = min v [[p — divgll + B lglll.o-

" pllkr gy = 11" = 1 [lxr g, is the cost to transport 1™ to i~ w.rt.
possible mass mismatch.
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G'-Norm

= A dual formulation of Meyer’s G-Norm is
6 —ullg =sup { [ 68— ax| I1¥F11a <1}

= Repeating the step from W to [|[|xg 4 . leads to

|u® —u

& = S;ip{/oﬂ“" - wdx| [flle <7 11981l <8}

= By duality,

0

[u = u| G’,ﬁ,'y:igf ’)/Huo—u—dingL1+ﬁH|g|HLm.
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Decomposition with Transport Norms

= Meyer:
min  «TV(u) + B|lglll~ st u-+divg=1dP
ug
= Vese/Osher:
. 2
min - «TV(u) + § [lglllf, + 3 [ = u—div gl|,

= New models:

min  «TV(u) + [|u® — ul

u G.Bry
=min  &TV(u) + B ||g]ll + 7 [[v° - u—divgl,
min  aTV(u) + |u uHKRﬁW
=min  aTV(u) + B llglllp + 7w’ —u—divg|,
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Results

Perturbed Barbara image
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Results

G'-norm: a =1, B = 25000, vy =1
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Results

G'-norm: « =1, B = 50000, vy =1
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Results

KR-norm:a =1, =0.5,7=1
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Results

KR-norm:a =1,=1v7=1
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Sparsity in the Texture Part

min

=min
ug

min

=min
u,g

aTV(u) + |[u® — u

G\By
«TV(u) + B || [glll + 7 ||u® — u—divg| x

aTV(u) + Huo — uHKR,ﬁ,’y

aTV(u) +Bllgllla+ H“O —u- dingLl
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Results

Artificial image
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Results

KR-norm:a =2,8=3,7 =1
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Results

KR-norm:a =2, =25,7v=1
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Results

KR-norm:a =2,8=2,7v =1
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Results

KR-norm:a =2, =157v=1
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Results

KR-norm:a =2,8=1,7v=1
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Results

KR-norm: o« =2, =057 =1
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Results

G'-norm: a = 2, f = 25000, v =1
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Results

G'-norm: « = 2, § = 10000, ¥ =1

Technische

Universitat | Christoph Brauer | Cartoon-Texture-Noise Decomposition with Transport Norms | Page 31 . - .
S Braunschweig Institut fiir Analysis

und Algebra




Introduction  Decomposition with Transport Norms ~ Numerical Results

Results

G-norm: a = 2, B = 5000, v =1
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Conclusion

= There is a connection between image decomposition and optimal
transportation.

= The separation of texture and Gaussian noise seems to be difficult.

= The separation of texture and impulsive noise can be handled using
transport norms.
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Reference

= Cartoon-Texture-Noise Decomposition with Transport Norms, C.
Brauer and D. Lorenz, to appear in “Proceedings on Scale Space and
Variational Methods”, Lecture Notes in Computer Science, 2015.

Thank you for your attention!
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