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Abstract

We consider the problem of shared randomness-assisted multiple access channel (MAC) simulation for product
inputs and characterize the one-shot communication cost region via almost-matching inner and outer bounds in
terms of the smooth max-information of the channel, featuring auxiliary random variables of bounded size. The
achievability relies on a rejection-sampling algorithm to simulate an auxiliary channel between each sender and the
decoder, and producing the final output based on the output of these intermediate channels. The converse follows
via information-spectrum based arguments. To bound the cardinality of the auxiliary random variables, we employ
the perturbation method from [Anantharam et al, IEEE Trans. Inf. Theory (2019)] in the one-shot setting. For
the asymptotic setting and vanishing errors, our result expands to a tight single-letter rate characterization and
consequently extends a special case of the simulation results of [Kurri et al., IEEE Trans. Inf. Theory (2022)] for
fixed, independent and identically distributed (iid) product inputs to universal simulation for any product inputs.

We broaden our discussion into the quantum realm by studying feedback simulation of quantum-to-classical
(QC) MACs with product measurements [Atif et al., IEEE Trans. Inf. Theory (2022)]. For fixed product inputs and
with shared randomness assistance, we give a quasi tight one-shot communication cost region with corresponding
single-letter asymptotic iid expansion.

I. MOTIVATION

The channel simulation problem deals with the task of quantifying the minimum amount of communication
required to establish correlation remotely, as dictated by the input-output joint distribution of the channel to be
simulated. The most basic point-to-point channel simulation setup consists of an encoder-decoder pair that with
access to shared randomness and communication over a noiseless rate-limited link achieves the channel simulation
task. More specifically, the encoder observes a random variable, say X with distribution ¢x, and based on the shared
randomness, sends a message to the decoder. Based on this message and shared randomness, the decoder outputs a
random variable Y. The aim of the protocol is to ensure that the trace distance between the joint distribution (X,Y")
and the joint distribution induced by passing the source X through a discrete memoryless channel ¢(Y|X) is as
small as possible. The channel simulation task is closely related to the task of creating a desired joint distribution
between two distributed parties, also known as strong coordination []1]].

Here, we consider the problem of simulating a two-sender classical and quantum to classical multiple-access
channel (MAC). We assume that the respective encoders and decoder have access to unlimited shared randomness.
This framework was first investigated by Bennett er al. [2] to establish a so-called ‘reverse Shannon theorem’ to
simulate a noisy channel from a noiseless channel in the asymptotic independent and identically distributed (iid)
regime. They showed that the least communication cost for this purpose is equal to the mutual information, I(X;Y),
between the input and output of the channel. The minimum one-shot rate for simulating a point-to-point classical
channel was ascertained in [3]]. Extensions to broadcast channels were obtained in [3]], and recently extended to the
quantum setting [4]].

In both the point-to-point and broadcast channel simulation tasks, one may gain intuition from the scheme
achieving the minimal communication rate as follows. Consider the case of point-to-point channel simulation:
since both the encoder, say Alice, and the decoder, Bob, knows the channel to be simulated, Alice can determine
the channel output at her end and then compress it ‘optimally’ and send it to Bob using the rate limited link.
Bob then just outputs the target sequence after decompressing what he received from Alice. Similar intuition also
works for the broadcast channel simulation problem. However, this approach breaks down for the MAC since there
are two senders involved. More specifically, although each sender knows the MAC to be simulated, they cannot



"locally" simulate the channel since the input of the other sender is unknown. Hence, novel schemes are required to
circumvent this technical hurdle, which we address in this work. As such, While there is a comprehensive literature
on simulating a point-to-point channel (both classical and quantum, in one-shot and asymptotic iid setting) and
broadcast channel, only some more restricted results are known for MACs. In this regard, bounds on the asymptotic
rate region for MAC simulation with fixed iid inputs were previously given in [5]]. The inner bounds were derived
by using the so-called OSRB technique of Yassaee et al. [6] and a matching outer bound for the case of fixed
iid product inputs and shared randomness assistance was proven by using the continuity property of the mutual
information.

Our main results are as follows:

o We obtain the one-shot cost region for simulating a MAC with two independent classical inputs (X7, X2) and
a single classical output Y, where the MAC is represented by the conditional probability distribution gy |y, x,-
We characterize the cost region, first for fixed product inputs in Theorem [T} and then for universal simulation
with arbitrary product inputs in Theorem [2| In order to simulate gy|x, x,, for j € {1,2}, encoder &; of the
sender j sends a message M; € [1 : 2%] to the decoder D over their respective noiseless links based on their
individual observations and shared randomness with the decoder. We assume unlimited shared randomness
S1 (|S1] = o0) between & and D and Sz (|S2| = 00) between & and D. Since there is neither a one-shot nor
a universal analogue of the Yassaee et al. [6] OSRB techniques with the desired one-shot entropic quantity —
which happens to be smoothed max mutual information in our case — this makes ours the first work towards
simulating a MAC in the one-shot and universal regime.

o We specialize our result to the asymptotic iid setting and show that it recovers [5, Theorem 1] for fixed product
iid inputs as Corollary of Theorem |1} whereas we obtain a new single-letter formula for the universal case
of arbitrary (not necessarily iid) product inputs in Corollary [2.1]

o We tightly characterize the one-shot cost and asymptotic rate region for simulating classical scrambling
quantum-inputs and classical output MACs with feedback in Theorem [3] and Corollary [3.1] respectively. This
is referred to as classical scrambling QC-MAC with feedback, where feedback denotes the property that the
classical inputs to the scrambler should also be available at the sender(s) after the simulation protocol has been
executed.

Technical contributions: A general recipe to obtain an inner bound on the rate region is applying the simple yet
widely applicable technique of rejection sampling. One of the main technical hurdles, besides unavailability of both
the inputs at the encoders, preventing the import of earlier results is that this task cannot be seen as naively carrying
out two point-to-point channel simulation. The main reason is the fact that the output must be correlated with both
the inputs. This is resolved by defining appropriate auxiliary random variables, which are quantized versions of
the respective inputs such that they approximately simulate the channel. The distribution of these auxiliary random
variables can equivalently be viewed as point-to-point channel and hence we use these to decompose MAC into
two point-to-point channels. We also give the bounds on the cardinality of these auxiliary random variables in the
one-shot setting for smoothed mutual information, which is rarely studied like [7]] and the only known work to the
best of our knowledge. But their technique of the so-called generalized support lemma does not suffice for the task
of MAC simulation due to an extra requirement of preserving the property that the output should be generated in
correlation with auxiliary random variables. Hence we apply for the first time, the perturbation technique developed
by Anantharam et al. [[§] for obtaining the cardinality bounds on auxiliary random variables for the smoothed
max-mutual information.

II. NOTATION

The random variables are denoted by capital letters and their alphabets by scripted letters, for example, X is
a random variable with alphabet X, distributed according to px. px is also the probability vector with the set
of non-zero entries denoting its support represented by supp(px ). Analogously, we denote any finite dimensional
Hilbert space for quantum setting by . For brevity of notation, we use X to denote a finite length sequence of
random variables {X;};<7, where Z is any index set. The notation [1 : n] is used as a shorthand to denote the
discrete set {1,2,...,n}. Expectation of a random variable is denoted by E. We use the abbreviation p.m.f. to



mean the probability mass function of the underlying discrete valued random variable. The set of all probability
vectors is denoted by P and sub-distribution vectors by P< and analogously the set of all density operators in H is
denoted by D or D(H) and sub-states, that is, positive semi-definite operators with trace less than or equal to 1 by
D<. For p,q € P, the notation p < ¢ means that supp(p) C supp(q). ha(e) is the binary entropy of distribution
{e,1 — ¢}, for € € (0,1). It is defined as ho(e) := —clogye — (1 — €)logy(1 — €). We use the notation ||, to
denote the /1 norm of a vector, which is the sum of absolute value of its components and it denotes the Schatten
1-norm of the underlying operator. We use |z — y|,,q = % to denote the total variation distance between
two vectors or operators. We define the joint distribution over a set of random variables by small case letters with
the subscript denoting the random variables and the distribution restricted to a subset of random variables denotes
their marginal. For example px, x,. .. x, denotes a joint distribution on the random variables X1, Xo,..., X, and
Px,,x, denotes the marginal on X;, Xo (by summing over the random variables X3, X4, ..., X,,). For brevity of
notation we also define p ¢ := px, x,,.. x,. The notation X ~ ¢ indicates that the random variable X is distributed
according to p or the p.m.f. of X is p and X <~ ¢ means that the p.m.f. p of X is e-close to the p.m.f. ¢ in
the total variation distance. We also use the notation p ~ q to denote that |p — ¢|,,; < €. We use the notation
p < ¢, to mean that the p.m.f. p is absolutely continuous with respect to the p.m.f. ¢, with emphasis on the
property that the supp(p) C supp(q). The notation 1A denotes the indicator random variable which takes a value
1 if event A occurs and is zero otherwise. Scripted letters denotes the encoders, decoders and channels. cl{S}
denotes the closure of the set S. For conditional distributions py|x and gy|x, the total variation distance is defined
as pr‘X - qy|Xde = max “ple:x - QY|X=$Htvd' We use tvd as our distance measure unless stated otherwise.

All the alphabets and the dimensions of classical and/or quantum systems are finite. The notation A = B is used
to mean that the systems A and B are isomorphic to each other.

We now give the definitions of the entropic quantities used in this work.

Definition 1: The max divergence between any two probability distributions p and ¢ on the support X is defined
as

Diax(pllg) = log max [p(z)/q()]

One then defines the notion of max-mutual information of a joint distribution px y from Dy, as follows.

Definition 2: For a given bipartite distribution px y the max-mutual information is defined as [9]
I X:;Y),:= inf D X = inf maxD _ .
maz )p o ePO) max(Pxy |[Px X qv) wer() max(PYIX llay)

and the e-smoothed max-mutual information of pxy := pxpy|x for € > 0 is defined as [10]

/
Py x (ylz)
(X3;Y), = inf Inax (XY )y = inf inf maxlog X

I&
Py B (px.v) P vEB(px.v) av EP(Y) Y qy (y)

max

(D

where B(px,y) = {plxy € P piy = px and B [pyix =y iva < <),
X

We now define the smoothed max-mutual information of channel using the notion of max-mutual information
defined above.

Definition 3 (Channel smoothed max-mutual information): Let py|x denote a channel with input X and output
Y. Let X ~ px be a given input. Then for any given ¢ > 0: The e-smoothed max-mutual information of the
channel Py|x is defined as [11]:

2

/

py|X(y‘l’)
I (pyix) = inf inf  max Diyax(p%yv—.|lay) = inf inf maxlog ————
max(Py ) Py xEB*(py|x) ay EP(Y) 7 Py =l lav) P x €B*(pv|x) avy EP(Y) Ty av (y)

where B*(py|x) := {py|x €P: m§X|’pY|X:x — Py |x—glltva < €}

One defines the analogous smoothed max-mutual information for bipartite quantum states as follows [10]:



Definition 4 (State smoothed max-mutual information): The smoothed quantum max-mutual information is
defined as

(4 B), = inf inf  Diax(p*P||p* @ o 3
max( ) )p p’ABeltr’j’la(pAB)oBelg(HB) (,0 HIO Ko ); (3)

where
Dimax(pllo) == inf{A: p < 2)\0} = IOgHJ_l/QPU_lﬂHoo
and B (p"P) := {pAP € D) : Trp(p) = Tr(p), o — pllwa < €}

In the following, we use the term rate region or cost or cost region interchangeably to mean the amount of
classical communication used (or charged for) in the simulation protocol and formally is the set of rate tuples
(R1, R2) that ensures MAC simulation.

III. ONE-SHOT COST REGION FOR FIXED PRODUCT INPUT MAC SIMULATION

A. Task

We start by giving the formal definition of a 2-user MAC channel simulation code, described in Figure [[I1I-A

Definition 5 (Classical MAC simulation with fixed input): An (R;, R, ) simulation protocol for a 2-independent
user MAC gy x, x, with inputs gx, X ¢x, and access to unlimited shared randomness between Sender] £ Receiver
and Sender2<sﬁ Receiver, consists of:

« A pair of encoders of form & x &, such that: & : Xj x S; — M := [1: 2] for j € {1,2};

o Two independent noiseless rate-limited links of rate R;, j € {1,2} and;

e A decoder D: Mj X 81 Xx Mg X Sy — Y
o The overall joint distribution induced by the encoder-decoder pair is given by

2 2
PX1,X5,51,52,M1,MsY = |:DO < X EJ>:| {4X (qu x ij)}

J=1 Jj=1

S.t.

Ipx, %y — X, %0, | g = . IXE Py, %2 — avix), X Htvd <e. 4

X1 XGXy

The rate region R(e) for simulating MAC is defined as the closure of the set of all rate pairs (R;, R2) as given
above satisfying ().

In this section, we henceforth consider px, x, v, v,y to be a p.m.f. of the form:

PX1,X2,U1,U2,Y = 4X,9X:PU, | X, PUL| X2 PY UL Us - )

We now define the following regions that will turn out to be inner and outer bounds for characterizing the rate
region R(¢e) for the task of one-shot MAC simulation given in Definition

Definition 6: Let € € (0,1), and e1,¢2,0 € (0,1) be such that § < min{e;,e2} and €1 + €3 < e. Let
Rinner(€1,€2,9) be the set of non-negative real numbers (R;, Ry) defined as:

1
Rinner(€1,€2,6) = cl | {(Rl,Rz) Ry > Irsﬁja;(é(Xj;Uj)qxijﬂxj -HOglogg je {172}} 7
(pU1|X17pU2\X2)€Ainncr

(6)

where

A= L (pux,0 PUsix,) T 3Py, satisfying px, x.v = 4x,,x.,y ) - (7
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Fig. 1. MAC Simulation: Encoders &; : (X, S;) Mj, Decoder D : (M1, M2, S1,52) — Y; =, denotes closeness in tvd.

sampling
Similarly, let Router(€1,£2) be the set of non-negative real numbers defined as:

ROUt@T(51752) =cl U {(R17 RQ) : Rj > Igax(Xj; Uj)QijUj\Xj for VES {17 2}} s 3)

(pU1|X1 7pU2\X2)€~Aguter

where

A = {(puy1x, Pusix,) ¢ 3 Py, satistying [[px, x,.v — ax,, %,y g < 265 U], [Us| < | X1 || 2]V}
)

The following characterization is our main result in this section.

Theorem 1: Let qy|x, x, be a given 2-sender, 1-receiver MAC with input ¢x, X qx,. For any € € (0,1), and
€1,€2,0 € (0,1) be such that § < min{ey,e2}) and &1 + g2 < &, one-shot rate region for simulation of MAC
satisfies:

Rinner(gla £2, 5) - R(&) - 7?'outer(gla 52)7 (10)
where the inner (Rﬁ}me’” (£1,€2,0)) and the outer (R%*“"(£1,e2)) bounds are as defined in Definition El

The proof comprises of two parts, direct part or achievability as shown in Lemma [I.T] and converse as proven
in Lemma

Remark 1.1: Note that Ripner(€1,€2,9) and Router(€1,€2) characterize the one-shot rate region R(e) (for ¢ =
£1+e2) up to a fudge factor that depends on §. Also, the characterization of R(g) in terms of Rinner(€1,€2,9) and
Router(€1,€2) in Theorem (1| does not involve any sum-rate constraints. This is due to the availability of infinite
shared randomness between both the sender-receiver pairs. The output Y plays a role in this characterization through
the Markov chain (X1, X2) — (U1, Uz) — Y under the distribution px, x, v,,0,,v-

B. Achievability

Lemma 1.1: For any given € > 0, let €1,62 > 0 be such that 1 + 2 < € and ¢ € (0, min{ey,e2}). Then,
Rinner(€1,5276) g R(E)



Proof: Fix (e1,¢e2,9) satisfying the conditions in the lemma and let ¢x, X qx, be the fixed input distribution.
We need to show that for any (Ri, R2) € Rinner(€1,€2,9) (defined in (6)), there exists an (Rj, Ra,e) one-shot
MAC simulation protocol as mentioned in Definition [5]

Idea: We will use the point-to-point channel simulation algorithm of Fact [2}(i) independently at the two senders.

 Sender-j: Let sy, be a distribution with full support and choose U; ~ sy, as the shared randomness between
the pair (£;,D). Using the rejection sampling algorithm stated in Fact (I} sender j sends the appropriately
chosen index of the shared randomness using R; bits to perform point-to-point channel simulation for the
auxiliary channel py,|x,.

e Decoding: After receiving the transmitted index of shared randomness from both the encoders, the decoder
first generates {U; }?:1 and applies the stochastic map py y, y, to simulate gy|x, x,-

o The output distribution of U; at D is denoted by pz,lg& and satisfies (from Fact (i)) :

algo
pUj|X]‘ _pUJ|XJ <€

tod

HPUJ-,Xj —4qu,,X; Htvd = qE J (11)

X

The amount of classical communication required for this task is given by (see Fact [2}(i)):
1
Rj > I3 (X3 Uj)p + log log 5

Thus, our algorithm results in the overall distribution

algo o algo algo
Px, 500,00,y = 9% X 49X X Py,|x, X Py, | x,PY UL Vs - (12)

To complete the proof, we need to show

!
o ngx Hp(;/f;hxg = Gy x5 ltvd < €1+ €2
1 2

This follows by the following chain of inequalities:

1
QX1I>EEQX2 Hp;g‘g(l,Xz ~4Y[X1, X Htvd

(a) !
< E ||p§/%§<hxz _pY|X17X2”tvd + q ]EqXQHPHXl,Xz - QY\Xl,XQHtvd

gx, Xgxq X1
@ algo algo
N QX1]§QX2 Ul%]uz Py|U,=u,,Us=us (pU1|X1 (ul)pU2|X2 (’UQ) ~ Puiix, (U1)pU2|X2 (UQ)) tod
= E % Syl ) | (s, ), (u2) - b, (), (u2) )|
qx; Xqx, U Uy Y ez Ui X Uz| Xz He 2tz
(2 E H algo algo algo || + E || algo - ||
— Gx; Xqx, pU1|X1pU2|X2 pU1|X1pU2|X2 tvd 4, Xqx, pU1|X1pU2|X2 pUl‘leU2|X2 tvd
o algo algo algo
= QIE 1207, 1%, qu@? 120751 x, — Poaixelltvd + qIEZ Ip0,|x. ||1£:31 1P, x, = Puiix: llewd
(d)
< €1+ ez,

where (a) and (c) follow from triangle inequality; (b) follows from the definition of distribution induced by the
code in (12)); and (d) follows from (II]). Thus, we have shown that R;pner(£1,62) C R(€). [

C. Converse

Lemma 1.2: For any given € € (0, 1), let £1,2 > 0 be such that € = £; + 9. Then, R(g) C Router(1,€2).

Proof: Let (£1,e2) and € satisfy the conditions of the lemma. We need to show that any (R, Re,e) MAC
simulation protocol according to Definition |5 has (R1, R2) € Router(€1,2) (defined in (8)).



2
Consider a MAC simulation protocol with the overall distribution as ) (q X, 45,7 M,[S, X, )
j_
are specified by p’ My Xy,s, and P M| X,5,» and the decoder is specified by P Y|My,M,,S,,5,- Since, the code is a
faithful simulation code, we have from Definition [3

pY‘ W3 The encoders

<e=¢1+eéa. (13)

HPIXI,XQ,Y - QXl,Xz,YHtUd ‘P Y[X1,Xz QY|X1,X2

x4 ><qx

One of the difficulties in using the standard converse based on information non—locking property of I« (see e.g.
[11, Theorem 5]) is the identification of the auxiliary random variables (U, Usz) that are essential for characterizing
R(g). Hence, we give a proof inspired from the information spectrum approach (e.g. [[12], [[13]]). The main element
of the proof is eliminating a small probability subset of the message and shared randomness for every input symbol.
Then, we identify the auxiliary U; (for j € {1,2}) as the tuple of message and the shared randomness restricted to
the complement of the above eliminated set. The same intuition applies to the proof of outer bounds of Lemmas [2.2]
and [3.2] The formal description now follows.

We now define the following set for every 2-tuple & = (z1, z2)

. {<m*> B mlsy ) > =1 2} (14)
We henceforth denote the projection of Cz onto (Mj,S;, X;) (or the 4t user) as C:, and we make the similar

identification for their respective complements.
Note that by union bound, we have

2
_
Py(Cs) <3 P <{pMsX (mylsy. ) < (5 }) <erten, (s)
j=1

where we have used:

g
Py(Cs,) = Py <{<mj,sj> Bhays,x, (mlsn 2) < })
M)

N 2 Ps, (35)Phs, s, x, (M85, ;)
(m-f’sj):p;wj 1S;,X; (mj|s;,x;)< ‘/\E/l‘j‘
.
= 748 < 16
- Z |M]|qSJ — <J ( )

(my,55)

Hence, P, (Cz) > 1 — &1 — &2, for all Z.
Consider the distribution defined as follows:
Ps; (85)Phj1s;, x,; (M ls5,%5) . -
1 —d , ifm;, s; € Cy,
PM;.S,|x, (Mg, 85]25) = Py (Caj) T (17)
otherwise .

We have thus identified the auxiliary random variable {U; }?:1 for each z; as:

Ps, (Sj)lej 1S;,X; (mjlsgs i), 5;)ECs;
Py (6907)

Using this we identify the conditional distribution Piy|% (for every %) as:

X

.
2 |:p%j (Sj)p’Mj|sj,Xj (mjsj’xj):| ’

21 Py (Cr,) Y|S,M
D u,y|x) == P ix, Wile) L, e (18)
UY\X( |Z) :J®1[ \ P ] ’Y|U(y\u) ,

0, otherwise .
\



Now, we identify the complete joint distribution p defined as follows:

2 [qxj (@3)Py, x; (uﬂﬁj)} , . 5

! uy,ug), if (@) € Cz
P gy (& dy) = Fﬁ P,/ (Cx,) Py(o, v, Wl u2) (@) & Cs

0, otherwise .

Note that (T6) also gives:

B e~ rhoes
o Pyix=2 = Py|%=z 4

=E

ax

Yoax, (z1)gx, (z2) | X p(wn,SHxl)uﬂnnjsﬂxz)—-p%wm,SﬂxQN]
z (7,5)

<
- 2

> ax, (11)gx, (22) ! Y- P (ma, sa|xz) [p(ma, si|z1) —Pl(mhsl\m)\]

(17,9)
+ 2
< ZQXl(-Tl)QX2 (w2) Z p(mq, s1]|z1) %
T (ma,81)
> p(ma, salza) — pl(ma, salz2)|+ DS [p(ma, sa|x2) — p'(ma, s2|x2)
(m2,52)ECay (m2,52)€Cay
2
+) ax, (m1)ax,(z2) D pl(ma, sala)]x
T (ma2,82)
Z Ip(m1, s1|x1) — p/(ml, sylzy)| + Z Ip(ma, s1]z1) — p’(ml, s1lz1)]
(m1,81)€ _1.1 (m1,51)€Cq,

2
zmm)[ Y Plmasslen) | -1+ X p'<m2,521x2>]

T2 (m2752)€ézz (m2752)ecw2

2
EZQXl@H)[ > p%”hwsﬂwl)hﬁﬁ%‘j“1‘+ > Pmﬂhasﬂ$14
z1 (m1,51)€Cay P (m1,51)€Cq,
+ 2
2 Z qx, (l‘l)Pp/ (Cﬂ?l) +2 Z qx, (‘TQ)]P)IJ' (C$2)
N 2
<er+er.

19)

(20)

2D

(22)

Finally, we define the following distribution on the random variable U;(= (M}, .S;)) that will be used to evaluate

the quantity I7,. (X;;U;), for j € {1,2}:
1
ru, (uj) = QSj(Sj)W
J

These identifications leads to the following implications on the rate of the protocol:

e a ’ ’
T (30), & g Dax (0, 1, I, x70,)

— maxmax p/)(ijj (xj7 u])
T; U p/Xj (l’j)?“(]j ('LLJ)

(23)



® max ma 45; (Sj)p/MﬂSij (mjlsj, ;)
= X X
z;  (my,s;) qs, (s5)/IM;]
(o)
< [Myl, s

where (a) follows from the definition of smoothed I« in Definition 3| and observing that distribution PU,|X, =z, =
PM,,S,| X, =z, € B (pﬁ\/[j,sj\Xj:mj) because:

1
q@ ‘pUj|Xj —p/U]\Xj Y Z(JX,- (@) Z ‘Pﬁ/fj,sﬂxj (mj, sjlz;) — P, s, x, (my, Sj‘xj)‘
J Z;

m;,S;

1 , 1
. E (s E Py 1
2 x; B (x]) J P 551, (mj’ K |$]) <Pp’ (ng ) )

m;,S; 6C17

+ Y P x, (mssjleg)

mj',SjGCg_»j
=Py (Cs,) < & (from (T6));

(b) follows from the identification of U; = (Mj, S;) for all p’ and the Bayes rule and
(c) follows since p'y, 51X, (mj, sjlz;) <1 and the definition of 7;(Uj).
We thus have from , the rate of the code is lower bounded by:

Rj = log |M;| > I3, (X;;U;), for j € {1,2}.

From (22)) we have that Py|%—z € Beitez(p! ). This along with the simulation constraint of (I3)) yields by the

om S We v|¥=z
triangle inequality:

Ipx, %,y — ax,,x0,v g < 2(61 + €2).
Hence, we have shown that for any (R;, Re,2(e1 + ¢2))-simulation code the rate of the code is bounded below by:
Rj Z Irsr{ax(Xj; Uj)P‘
To complete the proof, we state the bound on the cardinalities of I/, Uy as Lemma below.
Lemma 1.3: The cardinalities of {U;,Us} for the region R,y can be upper bounded as:

Us| < [ X || X[ V]; - for j e {1,2} . (25)

The proof of Lemma [I.3]is shown in Appendix [B] [ |

IV. ASYMPTOTIC IID EXPANSION

We now evaluate the asymptotic limit of the iid expansion our one-shot simulation result and show that the
cost region in this regime is single-letterized. This recovers a special case of [5, Theorem 1 and Theorem 4] with
independent inputs and no side information at the decoder.

For the sake of clarity we start by giving the formal definition of an n-letter MAC channel simulation code.

Definition 7 (Classical MAC simulation with fixed input): An (nRj,nRs,¢) simulation protocol for simulating
qf’ﬁfxl x, With inputs q?}? X q?}?
Sender2<S$ Receiver, consists of:

« A pair of encoders of form £™ x £, such that: E;") : Xj(") X S](-") — M = [1:2"%] for j € {1,2};

o Two independent noiseless rate-limited links of rate R;, j € {1,2} and;

e A decoder D™ : M; x S{”) X My x Sén) — Yn).

.. S .
and access to unlimited shared randomness between SenderlZd Receiver and
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o The overall joint distribution induced by the encoder-decoder pair is given by

2 n 2 n n

j=1 7
S.t.

Xmn

The asymptotic iid rate region R*“ for simulating MAC is defined as the closure of the set of all rate pairs (R1, Ro)
as given above satisfying (26)) in the limit n — co followed by ¢ — 0.

Henceforth, in this section, we consider px, x,.v,,v,,y to be a p.m.f. of the form given in (5).

Corollary 1.1: [5, Theorem 1 and Theorem 4] The cost region for simulating a MAC channel gy |x, x, with
fixed inputs qx, X ¢x,, using rate limited links of rate (R, R2) and infinite shared randomness between each
sender-receiver pair, in the asymptotic iid limit is given by:

( 3

Riid _ o U {(Rl, Ro) : Ry > I(X5Uj)ax por . 54 € {1, 2}} . 27)
PXy,X5,U1, U2,V
(Xl,Xz)%([(]h,UUz)ﬁY§
Px1,Xo0,Y=4X1,X3,Y,
[t ], Uz <[ X || X | Y]

Proof: Asymptotic iid Inner Bound: The one-shot inner bound can be straight away extended to obtain the
optimal asymptotic iid rate region. Let (R, Ro) € R¥? be such that for any 1 > 0,

Rj > I(Xj;Uj)p +n for some px, x, 0,0,y = 4X,4X.PU, | X, PU | X PY |00 & PX0, XY = 04X, X0y (28)
Consider

_ ,Qn_®&n, _&n ®n RN
Pxp. X3 ur,Uuy,yr = dx, 9x, Py, | x,Pu, | x.Py v, U, (29)

The AEP for the smoothed max-mutual information (see (I00) of Fact [) yields

1 1
tim 2 (1529 (X2, U0 + loglog ()] — I(X55 U,

n—oo N (S

which by means that

1
nk; > If;_f;f(X;L, Uj")p» + loglog 5 (30)
for all sufficiently large n (depending on 7). This implies that R*¢ C Rgzzm (e1,€2), where
., 1 .
Rimner(e1,22) = {(Rl,Rz) Ry > IS0 (XU}, + loglog 5 for j € {1,2}}. (3D

Asymptotic iid Outer Bound: First note that obtaining the asymptotically optimal outer bound is not so straight
forward as the n-fold extension of the random variable U need not be iid. So, we prove a weak converse. In order
to do so, for any € € (0,1) we first define the following so-called e-approximate iid region as follows:

Ri(e) := {(R1, R2) : R; > I(Xj;U})ps ¥ DXy Xo U Uy = 4X,9X,PU, | X, PUL| X PY | UL Us
such that [px, x,,v — 4x,,%,. |;pq < €} (32)

For any ¢ € (0,1) and €1,e2 > 0 such that max{ej,e2} < /4, let R((]Z)ter(sl, g9,¢) be the n-fold extension of the

. . . oqe . ® .
region Royter(€1,€2,€) with respect to the input and auxiliary random variables (X;-‘, U]”) ~ qX;lpU;L‘ Xr, Le.

outer

(81,62,6) = {(Rl,RQ) : ’I”LRj > I (X?;U}l)p; for j € {1,2}}, (33)

max
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. 3N QN i
where PxrUpr, Xy Up Y i= le ng pUirLlXilpUZnIX;pYnlU{l7U; is such that
®n
[P, oy — x|, <2 s 21 +20) <o), (34)
v

Suppose (R1, R2) € R™

outer

nR; > I,
D L (XI5 UT)

(€1,€9,¢€). Then:

(X% Uf)w

—
Ve

I(X;L; U;l)p’n

—
o
~

v

| &j
(XG5 U )pr — 2e51og |Xj[" — 2hg (1+5j>
> nl(X;;Uj)p — 2elog || 2 L+egj

nI(Xj;Uj)p—2€10g|Xj|n—2h2( £ )

1+€j

= R; > lim lim

e—0n—o0 n
= Rj > 1(X;;Uj)p,

where (a) holds by taking p'y. ;. € B%(pxrur) to be the optimizer for I5,,.; (b) holds by the fact the
Inmax(X3Y), > I(X;Y), for a]ny] joint distribution px y; (c) follows due to continuity of mutual information
from Fact @; (d) follows by Proposition [I| shown in Appendix for some px; v, = qx,pu,x, and finite [U4;]
from Lemma Note that (34) and monotonicity of trace distance implies that |px, x, v — ¢x,, %Y [,0g < 9-
Hence, we have shown that in the asymptotic iid limit:

lim lim R") (e1,€2,€) C RU(e). (35)

e—0n—o00 outer

We have thus recovered the asymptotically optimal region of [S, Theorem 1, Theorem 3] up to . Since, in our
setting we have bounded cardinalities of the auxiliary random variables, we can directly apply [14, Lemma 6]
in our case (see Fact [/| for a detailed analysis). We thus finally recover the asymptotically optimal region of [5|
Theorem 1, Theorem 3] in our setting of independent and fixed inputs and no side information at the decoder, to
get

Router := lim lim R (e1,€2,€) C lim Riid(s) = R,

outer
e—0n—o00 e—0

Thus we have shown that

Router R“d C lim REZ,)MZT (517 52) C Router

n—o0

= Rinner = lim  lim R (e1,e2) = R = Rouer -

inner
€1,62—0n—o0

V. UNIVERSAL MAC SIMULATION

Here, we consider the task of universal channel simulation, where the protocol should simulate the channel
qy|x,,x, lrrespective of any particular choice of input distribution gx, X gx,. Note the the inputs of the two
senders are still independent, but arbitrary. In the next proposition we show that Lemma [I.1] and Lemma [I.2] of our
MAC simulation protocol can be extended to achieve universal simulation with appropriate modifications. These
modifications refer to the simulation error be replaced by the maximum over the input samples x1,x2 (sampled
according to any input distribution) in contrast with the average over a fixed input distribution. Before stating our
result, we define universal protocol for MAC simulation formally.
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Definition 8 (Universal MAC simulation): An (Ry, Ro,e) simulation protocol for a 2-independent user MAC
dy|x,x, With inputs ¢x, X gx, and access to unlimited shared randomness between Sender1 £} Receiver and
SenderZ% Receiver, consists of:

« A pair of encoders of form £ x &, such that: & : X; x S; — [1: 28], for j € {1,2};

o Two independent noiseless rate-limited links of rate R;, j € {1,2} and;

o Adecoder D:[1:2f1] x 8 x [1: 28] x Sy —
o The overall joint distribution induced by the encoder-decoder pair final output is given by

2 2
PX1,X5,81,85, M1, MY = |:D © <‘X1 5J>:| {~X1 (qXJ‘ X ij)}

J

S.t.

max || Py | x, =z, Xomas — QY\Xlle,XZ:xZ)Htvd < e and Ry =log | M|, Ry = log|Ms|. (36)

Z1,T2

The rate region Ry(e) for universal simulation of a MAC is defined as the closure of the set of all rate pairs
(R1, R2) as given above satisfying (36).

We say that the simulation protocol of Definition |8| is universal in the sense that it can simulate the given MAC
qy|x,,x, for any input distribution ¢x, X gx,, without being dependent on ¢x, and gx,. This is ensured by the
max-error criterion in (36).

In this section, we henceforth consider py, v, v|x,,x, to be a conditional p.m.f. of the form:

DU U Y | X, Xs = PUL X, PUL| X PY UL Us - (37)

A. One-shot setting

We first introduce the regions Rﬁ}me’" and R{“e" which we will prove are the respective inner and outer bounds
for the task of one-shot universal MAC simulation given by Definition [§

Definition 9: Let ¢ € (0,1), and £1,€2,6 € (0,1) be such that § < min{e;, ez} and €1 + &2 < e. Let
R (e1,€2,9) be the set of non-negative real numbers (R, Ry) defined as:

| 1
0" (e1,€2,0) =l U {(Rl,RQ) ' Rj > [rsrfa;é(PUﬂxj) —Hoglogg for 7 ¢ {1’2}} |
(pUl\XupUQ\xz)e_Ai nnnnn

(38)
where A"€" is the set of all feasible distributions for evaluating Rﬁ}m” and is given by

A= L (pury1x, PUsix,) © 3 Py, satisfying pyx, x, = @yix,.x, } - (39)

Similarly, let R%““"(e1,e2) be the set of non-negative real numbers (R1, R) defined as:

RI%UteT(El,gQ) - U {(R17R2) : Rj > Irsnjax(pUj‘Xj) for j € {1, 2}} ) (40)
(pU1IX17PU2\x2)e_Aguter

where A2%¢" is the set of all feasible distributions for evaluating RZ**“" and is given by

Acuter . { (PU1|X17pU2\X2) : 3 py|u,,u, satisfying 41)

MaX ||y | x, —a1, Xomas — OV|Xsma1, Xomas |,y < 265 WU, [Ua| < |Aar|x2|ry|}. (42)

T1,T2
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Theorem 2: Let qy|x, x, be a given 2-sender, 1-receiver MAC. For any ¢ € (0, 1), and €1,€2,0 € (0,1) be such
that 6 < min{ej,e2}) and €1 + €3 < €, one-shot rate region for universal simulation of MAC satisfies:

Ry (e1,22,6) € Ru(e) S RY (e1,22) (43)
where R (1, €9, ) and RE“" (g1, 5) are as defined in Definition @

The proof comprises of two parts:

e Direct part or the achievability as shown in Lemma [2.1} and
« Converse as proven in Lemma [2.2]

B. Achievability

Lemma 2.1: For any given € > 0, let €1, > 0 be such that ey + e2 < ¢ and 6 € (0, min{ey,e2}). Then,
Rﬁ?ner(é‘l,&%é) g R{U(&?).

The proof of this lemma (see Appendix is very similar to that of the fixed input simulation case of
Lemma [[.T| with the difference being that the simulation error criterion is changed from average to maximum.

C. Converse

Lemma 2.2: For any given € € (0,1), let 1,2 > 0 be such that € = €1 + £2. Then, Ry(e) C RE" (1, e2).

The proof has minor technical changes compared to that of Lemma due to the average simulation error being
replaced by the maximum simulation error criterion and is given in Appendix

We now extend the one-shot result to the asymptotic iid setting.

D. Asymptotic expansion

In this section, we consider a universal MAC simulation protocol that simulates n-iid copies of the channel,
that is, qg&h X, with general n-letter inputs denoted by gxr X gxp. We note that this is in contrast to the generic
usage of the term asymptotic iid, as used in previous sections, which refers to iid inputs qg’}? X q?}:. This leads
to non-trivialities in extending the one-shot result to asymptotic iid as neither the inputs nor the auxiliary random
variables that characterize the rate region are iid. Nevertheless we prove the following single-letter characterization
even for this case.

Henceforth, in this section, we consider py, v, y|x,,x, to be a conditional p.m.f. of the form given in (37).

Corollary 2.1: The rate region for universal asymptotic iid simulation of MAC ¢y |x, x, is given by

\

’R%d =cl U {(Rl,RQ) : Rj > max[(Xj;Uj)qupUjlxj, j S {1,2}} . (44)

. qx;
PU, U, Y X1, Xo" J

(Xl,XQ)%(Ul,Ug)—)Y
Py|x,,X2=49Y|X1,X2>

\ (U ]| U | <] A | X ||V

We prove this proposition in Appendix

Remark 2.1: Note that the point-to-point channel is a special case of the MAC, where one of the inputs, say
Xo, is redundant. Then, setting U; = Y, Us = X9 = 1 with probability one, and €2 = 0 in the definitions of
Rinner(€1,€2,9) and Router (€1, €2), We recover the one-shot point-to-point channel simulation result of [3]] stated in
Fact [2] (see Appendix [A)). Furthermore, this also recovers the asymptotically optimal point-point channel simulation
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rate I(X;Y)y, , as shown in [3], [15]. Moreover, for the point-to-point case our technique can be straight away
extended to obtain the universal channel simulation by identifying optimal U =Y.

Remark 2.2: We remark that the universal simulation protocol can also be used for the fixed input protocol of
Section The main difference is that the communication rates of the universal protocol are higher than that is
necessary for the fixed input case because

Irsnax(pU\X) > Irnax(X; U)qXpU\X

due to the fact that the minimization in the definition of the channel smoothed max-mutual information (left hand
side term above) is over a small set since the simulation error criterion is stronger. Hence, we gave a separate
analysis for the fixed input case.

VI. QUANTUM-CLASSICAL MAC SIMULATION

In this section, we take a step towards generalizing our simulation protocol in the quantum regime. To this end,
we consider a MAC with two independent quantum inputs and one classical output. Generally, a channel that takes
a quantum state as an input and outputs a probability distribution (or classical state as the output random variable)
is modelled as a measurement device (or a measurement channel). Hence we refer to the 2-quantum input and
1-classical output as a QC MAC and think of it as a measurement channel.

Classical scrambling QC MAC (CS-QC MAC): Channel first does a product measurement on two inputs with
classical outcomes X7, X7 and then scrambles them according to the conditional probability distribution gy |x, x.,-
We refer to such channels as "classical scrambling" (CS) channels, denoted as

N’A A2—>Y — QY|X17X2 (AA1—>X1 ® ]:\Ag—}Xz) , (45)

where A4 7%t and T427X> are measurements with POVM elements {A,, },, and {T',, }.,. respectively. This is a
special case of the model of a QC-channel proposed in [16], termed as distributed measurement channel having a
separable decomposition with stochastic integration.

We characterize the cost of simulating the CS-QC MAC with feedback defined as follows:

CS-QC MAC with feedback: Channel first does a product measurement on two inputs, creates two copies of the
classical outputs and then scrambles one of the copies according to gy |x, x,, While keeping the other untouched. We
refer to such channels as "classical scrambling channels with feedback", shown in the right hand side of Figure

and iS denoted as:
.A A YX X ! 4
N’ 2—> 12 = q ‘ ’ o </\A14>-X]1‘(1 ® I As >1‘<24:(2> ,

where the measurement operators are defined as:

TP @ AN 0N () )| - ZPX1 (1) [z )@ [ @ oa X | @ B () = 15

TP @ DA% Xa (| Yoo [P242) o= Zsz (w2) [ma)@al™® @ |zo)wa| ¥t @ k2« Te(ph2) = 1.

T2

Note that (X7{, X3) are just the classical copies of (X1, X2). The conditional distribution gy |x, x, is a probability
measure on ) conditioned on random variables taking values in X; x X5. Henceforth, we consistently use the
notation gy |x, x, (instead of gy |x; x;) to represent the classical scrambling map to mean that random variables
(X1, X}%) are stochastically mapped to the output random variable Y. Thus, the actual channel outcome is given as

NGEY %2 (pih @ polo) = D ayix,x (ylen 2) )" ® Tra, [A2 py] |21 a1 [¥* © Tra, [D22 po] oo Yo |2

1,T2,Y
(46)
Here, we focus on the task of simulating CS-QC MAC with feedback represented by (46).
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Fig. 2. CS-QC MAC with feedback: Encoders &; : (X}, S;) e M; € [1:2%], Decoder D : (M, M, S1,S2) — Y; ~. denotes
spli

closeness in tvd.

A. Feedback simulation for fixed product input

Definition 10 (CS-QC MAC with feedback simulation): An (R1, Rg,¢) simulation code for a 2-independent user
CS-QC MAC with feedback given in and access to unlimited shared randomness between Senderl £} Receiver
and Sender2 &3 Receiver, consists of:

EiXiX] @ ) P2X2X) where

« Inputs to the two encoders are ¢
oy = T px g iK™ @ s © 0,5 px (2) 1= TrlAs, )

Tj

and gofll ® cpf; is the normalized post-measurement state of the measurement A ® I'. Note that X’ is just a
classical copy of X, to perform the simulation with feedback;

e A pair of encoders £ ® & with inputs as the measurement outcomes X, Xo and shared randomness S; So,
denoted by: & : X; ® S; — [1: 219], for j € {1,2};

o Two separate noiseless rate-limited classical links of rate R;, j € {1,2} and;

e Adecoder D:[1:2] xS x [1:2F2] x Sy — Vs

o The simulation algorithm produces the overall state as

2 2
7_YX1X2E‘1Ez :=Do <j(%1 Ej) <|Q01><‘,01| ® |302><<P2| & (j(?l S])) R

such that
HTYX1X2E1E2 o ,’7YX1X2E1E2 Hl S €, (47)

where Y X1X2B1 e .= \fA ALY XX (|0 Yo [M D @) |09 )(0p]4252), s the output state of CS-QC MAC N
to be simulated.

The rate region R(e) for simulating MAC is defined as the closure of the set of all rate pairs (R, R2) as given
above.

The classical MAC simulation described in Section [[TI] is the non-feedback simulation. However, in order to extend
the classical proof technique of the converse to CS-QC MAC, we require the encoders to have access to the classical
outcomes of the measurement channels A41 X1 @ T42=X2_ Observe that simulation criteria in (7)) is an average
error criterion similar to the classical MAC simulation criteria with fixed inputs given in (@).

In what follows, let 751 F2X1X:URY g g BrE2 Xa X2UhU2Y e the following classical-quantum (CQ) states:

Y X
BT = s by, (e, u2)po, x, (un|21)px, (21) P, x, (U2]@2)px, (2) Y)Yyl @ |o1 e

U,T,y
Tra, [{ZP* @ AL} (o7 ™)]
px, (1)

® Jurfur | @ |waNwa| ™ JusXuo|”? @ ® (48)
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Tra, [{ZP @ T2} (pi24)]
Px,(72)

Y X1 Xo
= ¥ gy ix,x, (e, m2)px, (21) @ px, (@2) Y)Yl @ (w1021 @ |wo)f{@e[ ™ @
x?y

; and 49)

nYElEQXle

Tra, [{IE1 & A;“l} (901151141)] . Tra, [{IE2 ® 1“;;‘;} (SOQEQAQ)]
bx, (531) DX, (1'2) .

We now define the regions analogous to the classical case given by Definition [6] and [9] which will be proven as
the inner and outer bound regions for the task of QC-MAC simulation with feedback analogous to Definition [6]

(50)

Definition 11 (Inner and Outer bounds): Let ¢ € (0,1), and 1,£92,9 € (0,1) be such that § < min{ej,e2} and
€1 +¢e9 <e. Let RIC-S b(gl, €9,0) be the set of non-negative real numbers (R;, Ry) defined as:

mner

_ _ 1 .
REC V(1 69,0) =l U {(Rl,Rg):Rj Zlﬁfax‘s(Ej;Uj)T—{—Zlogg for j € {1,2}} ,
(rP1X1U1 rB2XaUsz)g finner
(51)
where A" is the set of all feasible states for evaluating Rfﬁ;f ®’and is given by
Ainner = {(TEleUl TEzXng) - VT st 7_E1E2X1X2Y _ 77E1E2X1X2Y} ) (52)
Similarly, let R?u(i;nf b(al, €9) be the set of non-negative real (R, R2) numbers defined as:
Reer’ (€1,22) = l U {(R1, Ro) : By > I (B Uy)r for j € {1,2}} o, (53)

(TE1X1U1 B2 X2Us) g Aouter

QC—fb

outer

AZHer o= {(pB T PR Ly s [|p BB BB <o (U, [Ue| < 120XV} (54)

where A%%T is the set of all feasible states for evaluating R and is given by

The following characterization is our main result in this section.

Theorem 3: Let /\/’(%B “YXX2 pe g given 2-sender, 1-receiver MAC with input p* ® p4> and their respective
purifications denoted by |¢)* @ |)F242 For e € (0,1) and e, 25 > 0 with &1 +e5 < &, and § € (0, min{ey, e2}),
we have

RIC T (e1,02,68) € R(e) € RYG (€1, 22), (55)

inner outer

where RQC_fb(al, £9,0) and RQC_fb(El, €9) are given in Definition

nner outer

The proof comprises of two parts:

o Direct part or the achievability, which we prove in Lemma [3.T} and
o Converse shown in Lemma

Note that REC~/ b(sl, €9,0) and ROC-] b(El, €9) characterize the one-shot rate region R(g) up to a fudge factor

inner outer
that depends on 9, e; and e3.

B. Achievability

Lemma 3.1: For any given € > 0, let 1,62 > 0 be such that ey + 2 < € and 0 € (0,min{eq,e2}). Then
RQC_fb(el,&?g, 5) C R(e).

mner

Proof: Fix (e1,¢2,0) satisfying the conditions in the lemma and let |¢1)"** @ |p2)"242 be the purifications
of the fixed quantum inputs p;" ® p‘242, with E1, E5 denoting the purifying reference (or the environment) systems.
We need to show that for any (Ry, Ry) € R9C1%(¢ ¢y, 6) (defined in (51)), there exists an (Ry, Ry, e) one-shot

mner
MAC simulation protocol as mentioned in Definition
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We note that since the overall state used to evaluate Rjnner(€1,€2,0) is a CQ state 7 given in (506) satisfying the
simulation criterion, we have:

nElEzXlXQY _ T‘rU17U2 7_E1E2X1X2U1U2Y

= px, (@1)px, (22)0y £ (WIT) = D px, (@1)px, (22)p0, 1x, (wi]21)pu, x, (u2|22)py 6 (9]D) - (56)
u
We henceforth consider the joint distribution px, x, 1,0,y in (56) throughout the proof. We will show that (R1, R2)
is achievable by constructing a protocol that uses the convex split lemma from Fact [3] for each sender.

o Encoding: The input to the encoders £ and & are the post-measurement states (p and anEQXZXQ,

respectively. The encoders then generate the classical auxiliary random variables U; by post processing X j’

B X, X

. . X! —=U; . . .
with the dephasing map 7% ® Cj 775 This map is essentially a measurement channel that measures the
state on X in an orthonormal basis {|uj)}Yi and outputs the classical variable U, distributed according to
the conditional distribution py; | x,, formally defined as follows:

X;—=U; X/ U;
&5 s (i ok ) o (2 v, ke sl

Thus, for j € {1, 2}, the overall states golelUl and ¢§2X2U2 are given by:
B X;U5 | _ X Nloy Ui j
©; = px, ()P0, x, (wgles) g X | @ Jug)u,| ™ @ oF
Uj,Tj
E;U; U; ;- i — . oy Ui 'Ej
=Y = ZpUj(uj) |ujus [ @ ZpXj|Uj (33]’“])905 = ZPUJ(UJ) |ujXus| ™7 @ ‘Pu]? ’ (57)
U Zj uj

where ap;fj = e PX,|U, (xj\uj)gofj. Note that these auxiliary random variables U; ~ py |y, will satisfy
the condition of @D The resultant state to be further encoded or compressed to achieve lower rates is the
purification of pF1X1Ut @ o 2X2Uz which is given by:

BB} X; X[U;U; | _ E;E; X; X7 U;U;
gy PR = Sy \/PXj($j)PUj|Xj(“j|$j) |pa,) ™ |y wy) 7 fugug) (58)

Lj,Uj

Sender j holds the registers E;, X, XJ’.’, U; and ﬁj. Now we use the encoders £;j meas. comp. : Sj X Z;{j — [1:274]
of the measurement compression protocol with feedback (see Definition [12] and the proof in Appendix [E-B].
These measurement compression encoders compress (7j using one half of the available shared randomness
to a message M; described by R; bits. We denote the overall encoder £ = &; meas. comp. © cXi=Ui (see

(Appendix for details of &; meas. comp.)-

¢ Decoding: The decoding is composed of the following two steps:

1. The receiver first recovers U; from the received message index and the available shared randomness.
This is accomplished by using the decoders D; : [1 : 21 ®S; — U; of the measurement compression theorem
(Dreas. comp.) from Definition @ with exact details in Appendix Essentially these are the isometries that
are guaranteed by Uhlmann’s theorem (Fact [T) in the convex split lemma. The recovered pairs are denoted
by U1, U, and in effect the correlations with E;, Ey are "preserved".

Let the overall state after the application of (D; o &;) be denoted as:

) XU = N B g (@) [, Y ) ) (59)
Lj,Uj
~E.U; - p U,
= &7 =3 b, (s u)el @ fug)uy|™ and (60)
Tj,Uj

(61)

@ )
gj 2 185 = #ilwa 2 HPX]»,U]- —Px,., LU J
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where (a) follows from Fact [3] for
1
R > I (BjiUp)r + 2log 53 j € {1,2). (62)
2. The decoder D use these recovered classical states U; and finally outputs Y ~ Py|0,,0,-

Analysis of the code: We now show that the code defined above using & ® &; as the encoder and py |y, v, ©
(D1 ® Dy) as the decoder satisfies the simulation constraint and hence is a valid simulation code for CS-QC
MAC with feedback. And we finally evaluate the rate of this code. For this, we first recall that the actual
channel output n¥ F152X1X2 from ([@6) can be written as:

nYE1E2X1X2 — ZQY‘X(QW)le (21)px, (z2) ‘yxy‘Y ® 90511 ® (Pf; ® |x1><x1’X1 ® |x2><:1;‘2|X2 (63)
Ty

with an extension:

1 1 1Ua . __ e Y 1
T B0 = N T sl (210, x, (w1 |21)px, (22)P0, 1, (u2l22) [yXyl” © ¢f! @ o
oRTR ]
|21 W21 | @ |zaNza X2 @ Jug Nun |V @ |ug)ua|V? such that
TR = B IRNY o by Xy = DXPXLAY|X X, - (64)

where (64) holds due to the block diagonal structure of the CQ states  and 7. Validity of the simulation
constraint: Let the overall final state of the protocol be:

FYBENLGOE = Y Py Wlw)px, v, (21, u1)Px, v, (22, u2) yXy” ® oF @ e
T,y

|21 @1 [ ® |wa)za ™ @ Jur)ur | @ Jua)ug| ™2 . (65)

We can now apply triangle inequality to obtain the following bound:

~ B B X XY B E X XoY ~E B X0 XoY BB X XoY E\EX XY  EE X XY
|7 y lwa < |7 T lpa + 7 U | va
(Sl) H,]:E'lEzXngY _ TElEzXleY”tvd
(i0)
< ée1+en, (66)

where (i) follows from (64) and (i7) holds due to the following analysis:

17 = 7lwa = || Z_pypyla) [ﬁxl,Ul (z1,w)Px, 0, (T2, u2) — Px, 0, (ﬁlaul)PXmUQ(ﬂUzauz)} Xyl ®
y7u7

z

lur)(ut] ® [ugfuz| ® |21 )(z1| ® |z2)X22| ® 1! @ 2

tvd

Py p(yla) [ﬁxl,Ul (21, u1)Px,,U, (T2, u2) — px, v, (21, U1)PX, U, (T2, u2)} ’
T

Y pg() [15)(1,U1 (w1, u1)Px,,U, (T2, u2) — px, v, (71, U1)Px,,U, (T2, W)]

gyt
U,T

Y [15x,,0, (21, u1)Dx,,0, (X2, u2) — Dx, 0, (T1, 1) Px,, U, (T2, u2) | +

gy
u,Z

N = N = N =

Ipx,,on (1, w1)Px,, 0, (T2, u2) — px, v, (21, w1)px, U, (T2, u2)|]

1 ~ -
5 _,E_‘ Hle,Ul (‘Tl? ul) —PX,,Ux ('1:1? ul)HpX2)U2 ($27 u2)|+
U,T

Ipx, v, (1, w)| [P0, (T2, u2) — P, U, (T2, u2)|]
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where (a) holds by triangle inequality and (b) holds by using (61).

We have thus shown that the protocol with & ® £ = (€1 meas. comp. © CX* V1) @ (€2 meas. comp. © CX27Y2) as
encoders and DY = py ;170 (D1 meas. comp. @ D2meas. comp.) as the decoder, is an (Ry, Ry, 1 + £2)-
simulation code for CS-QC MAC with feedback provided holds.

C. Converse

Lemma 3.2: Let e1,e2 € (0,0.5) and € = €1 + €2. Then, R(e) C C RQC-Tb (e1,€2).

outer

Proof: Let (¢1,e2) and ¢ satisfy the conditions of the lemma. We need to show that any (R, R2,e) CS-QC
MAC simulation protocol according to Definition [10{ has (Ry, Ry) € RS /*(c1,e5) (defined in (53)). Let the

outer
output state of the channel with feedback be nE1E2 1Y and let (R1, Ra,e1 + €2) simulation code produce the
state 7/ Fr1E2X1Xo

Y having the form of {@9) and satisfying the following simulation constraint:

[ EEY _BENNY | <oog e,

Let the respective purifications of the post-measurement state after measurement (A®T") be given by |<p)E B X X

i®
W)EzEéXQXé and the shared randomness be denoted by Sf‘ A g S;‘ 242 The Stinespring isometry of the encoders

X'A'*)MlM'XlAl X Al *}MQM X2A2

Ve 't ! ® Ve, creates the pure states (where f_lj = A;-, X = X5):
By B M, M{ A, Ay Ay AV X, X ! %
[V =8 eax s (ma ey s)px, ()ps, (s) [mama) M ) T @
1, 1,91
[sp51) A [s151) % LAY [, )1 (67)
B Ey My My Ay Ay A AY X, X / ¢
L) = n%l , ]?M2|X2,52(m2|902,52)10X2(532)2952(82)|mzm2>MgM2 \$2$2>X2X2®
2,702,902
|5252) 14 [5989) 12 [gp,,, ) 212 (68)
In summary, the encoders produce the following output states:
By M, A M
Z = on Py Xy, (malT, s1)px, (21)ps, (s1) [ma)(ma | @ !51><81| 1@, (69)
1, 1,91
B M, A,
pt EaM Al = 3 pux,, s,(malz2, s2)px, (22)ps, (52) [ma)ma| ™ ® |52><52| 2 ® . (70)
2,/702,92

Now, similar to the converse part of Theorem [T] in Lemma [T.2] we will identify the auxiliary random variables U;
from the classical message M, and parts of shared randomness. In order to do so, we will curtail the states 1/]’- in
their eigen basis, so that the resultant state has a similar CQ form and is appropriately close to ©/. We now give
the formal description of this intuition.

For every &, we now define the ‘bad’ set Cz as the complement of the following set:

= {(m”) s, x, (sl ) 2 g =1 2} -

Note that this is very similar to the set defined in (I4) for the classical case. Henceforth, the analysis is almost
fully classical from this step, except that the rates will be evaluated with respect to the CQ state 7 to be identified

in (75).
Consider the following joint distribution on X, M, S, Y":

X, ( (m;,s;] 7 ”,
5)Pny s51x; (M85 |25) J\7I§( |ms)  (m, 5) € Cz

Py gty (@ 5 y) = e (72)

®w

0 otherwise .
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Now using the definitions from equations (71), (72) we identify the classical auxiliary random variable for every x;

UXU1$1]1c’ Uxuzzzll’
as Uy = (M, Sl)llgzl ~ p”lﬁf(# and Uy = (Mo, Sg)]lgmz ~ %. We thus define the encoded

states 1, 5 with Uy, Us as:

B UAYX
p = 8 px, (21)ps, (51)Ph, 5, x, (malst, ) [z o [X @ [ma, s1)(ma, 1|7 @ [s1)s1 4 @ f
(m111)ECa
=3 px, (2P, x, (alz) [ Y | @ Jun Yua [ ® |s1)(s1]" @ b
1,01
EU, A X
vy PR = S P, (22)Ps, (52)Pan) 5%, (M2] 52, 22) |22)(22] ** @ |ma, sa)(ma, 52| ® |s2)(s2] ™ ? @yl

(mg, aQ)ECJ_Q

= % px,(@2)p, x, (Walw) [ro)(@a|** ® [us)ua| ™ @ [s2)(s2| ™ ® oF2

T2,U2

The probability of the set Cz is upper bounded by &7 + &5 similar to (T3). Hence, P(Cz) > 1 — (g1 + £2). We now
show that Hy] -V H < g; for j € {1,2}. For this, first note that for every & the set Cz can be seen as Cartesian

product of the sets Cy, = {(m],s]) puy.s, (my, s5) > |M |} Also, P,(Cy;) > 1 — ¢;. Thus:

Pu,.s,1x, (Mg, s5lx5)
VJHI Z Z ‘pxi(xj)[ b - _pijsj|Xj(mj7Sj‘xj) +

T my,s;€C, o ]P)p(c%)

Z Z PXj(Uﬂj) [pMj,sj|X,-(mja5j|xj)}

T mj,SjeCzj

=3 o, o) (G (ME) ~1) 4 BC.)

=2 prj (2)Pp(C,) < 2¢j,

= HV Vil < (73)
Similar to (67), we define the purifications of the states v/} as follows:

E;E;M; M'A A’A”A”X X; M;M! X; X
v J> Z Z \/pM |XJ,S](m]‘$jvsj)pX (25)ps, (s5) [mymg) ™™ |ajag) ™

zj (m],sJ)EC ;

® |555;) 47 15,5 AT |y, VB

B, B/U U A AV X, X, A A B
= v j> r : Z Z \/pU 1X; (ujlz;)px, (%)‘%“ﬂ s |2 a:]> |3 8500 |y )
T (mJ»SJ)EC

(74)

The overall state after the action of the decoder acting on |v1) ® |v2) is denoted (after tracing out all but
FLEU1U2 X1 XY subsystems) by TE B U X0 XoY

TE1E2U1U2X1X2Y = DU1U2*>Y(I/1 ® VQ)
Pyi.g (1, 517) . v X, X,
=> > pg(@ ﬁpyu\z,g(y!mv $) lyXyl” @ |za)@1 ™ @ [we) | @
Zy m,s5eC
® |my, s1)(m1, s1|"* @ |ma, s5)(msa, 59|V ®80 ®<P

‘We thus have that:

( 'r

tod
_ | p (,Exdnng Ay Ay EQXQMQM Ay Ay JELXG MM, Ay Ay
= v KV v

/E1E2X1X2Y _ TE1E2X1X2Y (75)

Qv EQXQMQM A’ A”)

tvd
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<|mevy -,

@ Sy,
< Z Hyj - Vj”tvd
j=1

(b)

< e +éeg, (76)
where (a) holds because of triangle inequality and (b) follows from . Finally, using the simulation constraint
HT/ R nE1E2X1X2YHtUd < €1 + &2 and the triangle inequality again, we get that

H7_E1E2X1X2Y o nElEQXIXZYHtUd < 2(81 + 52)_

We now evaluate the rate of the code. First we notice that 72U “and T

for j € {1,2}. Hence, we have

— pBAyM; _ EATM 1AM B AT M;
j j

A R ((l) . " B
rEili = I/J.EJAJ M2 | M| <VjEJ ® ﬂjA’ MJ) ; (77)
where (a) holds due to
E;M; A7 ; M; 7
vi U = o, (@) @ Y ps,(59)pa x,s, (Mgl s5) [mg)mg M @ [s5)(s5 |
Zj mj,sje(?zj
E; M, Al
< px, (@)l @ D ps,(s5) [my)mg | M @ [
T m;,5;

In the above, we used
/
pMj|S],Xj(mj‘Sj7xj) <1, V(xj,Sj,mj),

_ A M; ps, (s5) M;
and 7,7 = 3 |M.J‘ [ )m ™ @ |s5)(s;
J

"
j.

m;,s;
Hence, from and Definition [ of the quantum smoothed max-mutual information, we have
Rj =log |Mj| = Ijax(Ej; Uj)r-
We finally state the cardinality bounds of i/, U as Lemma below. This completes the proof of the converse.

u
Lemma 3.3: The cardinalities of {U,Us} for Rgﬁ;f ® can be upper bounded as:
U] < X[ X[|V]; - for j e {1,2} . (78)

The proof is very similar to that of Lemma [I.3] as U;, Uz are classical, and is given in Appendix

D. Asymptotic iid expansion

We now give the asymptotic iid characterization of the rate region for simulating a CS-QC MAC with feedback.

Corollary 3.1: Consider the classical scrambling QC-MAC N A14:=YXiX with feedback, given by (@6) and
inputs pfl ® p‘242 with their respective purifications of form \¢1>E1A1 ® |p2)P242 . The rate region for simulating
NAAz=YXaXo y5ing infinite shared randomness between each sender-receiver pair and classical communication
over links of (R1, Ro) is given by:

( 3\

QC=Ib — ¢ U {(R1,Ry): R; > I(E;; Uj)y, je{1,2}} 5. (79)

(El7E2)—>(X1,X2)—>(U1,U2)—)Y

& TP1E2X1X2Y —pB1 Ea X1 XY

[ty ],|ha | <| X1 || 2] | V]
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Proof: Asymptotic iid Inner Bound: The one-shot inner bound can be straight away extended to obtain the
optimal asymptotic iid rate region. Let (R;, Rg) € Rgdcff ® be such that for any ¢ > 0,
R; > I(E;;Uj)r + €, (80)
for some Tg, £, x,,X,,0,,0,,y having the form described by @9) and satisfying 7z, £, v = 1E,.E,,y- Consider the
following n-letter iid extension of 7, defined as ng)Ez X XU Uy = 7‘?352 X, X,U, U,y Note that

(n) _ ®n — ,On
7_E1E2Y - 7_E1E2Y - nElEzY' (81)

Now, the AEP for the smoothed max-mutual information (see (I0I))of Fact[§)) yields
1 1
lim — 1550 (B} Uf) vy + 2log <5>] = I(E;;Uj)r,

n—oo N

which by means that

1
nR; > I 0 (B} Up) o + 2log =,

(82)

_ _m\ ()
for all sufficiently large n (depending on (). This along with (81) implies Rgg e (RQC 4 b) (e1,€2), where

mner

mner

AN D) 1
<RQC fb) (e1,€9) = {(Rl,Rg) :nR; > II%;(‘S(E;?;U}L)TUL) + 2log5; for j € {1,2}}. (83)

Asymptotic iid Outer Bound: In order to prove the converse, for any ¢ € (0,1) we first define the following
g-approximate iid region as follows:

RICIb(e) := {(Ry, Ra) : Rj > I(Ej;Uj)7,¥ TE, By X, Xo.Ur.Usy is Of form given in (@9)
such that HTE“E?’Y — nEl’EQ’Yde < 5} . (34)
We will now use the extension of the one-shot converse of Lemma In order to do so, for any e1,e9,¢ € (0,1)
such that max{ei,e2} < /4, let (Rgg;f 0" (e1,€2,¢€) be the n-fold extension of the region R?ﬂg;f b(e1,62,€)
with respect to the iid inputs |<pj>%?Aj (for j € {1,2}) and general auxiliary random variables U}" ~ pya|x».

(n)
Suppose (R1, R2) € (RQc_ﬂ’) (€1,€2,¢€) with

outer
(n)

TE1E2X1X2U1U2Y::znz;n p?}?(ml)pUﬂX{‘ (uf|z7) |:L‘1><:L'1|§%? @ |u?><urll|Ul" p?}?(xﬂpU;\X; (uy|zy) |332><$2|?2Z
12

ngmn o, n
Uy ,uUs,y

@ |ug NG|y @ (02) 5 @ (P) 7 © Pywjup g (0" |6t u5) [y Xy [y

_m\ ()
be the state induced by any n-fold simulation code. Suppose (R;, Rg) € <R?U€Wf b) (e1,€9,¢) satisfying
ErEp X7 Xpyn
’ (7(")) - (nE1E2X1X2Y)®n < e (as 2(e1 +e2) <e). (85)
tvd

Then,
nR; > I (BT U)o

max

(i) [max(E]T'L; U]n>7-’(n)

©®) o
2 I(Ej ;Uj e

(e) i
> I(E};Up) oo — 2¢5log €] — 2hs (1 - e)
J

—

d)

-
> nI(Ej;Uj)rp o, — 225 l0g |E5]" — 2Ry <1 JFJEJ) ;




23

o e B U o0 (B Uj)rg,,, — 265 10g €5 — g(g5)
= lim lim > lim lim 27
g;—0n—o0 n g;—0n—o0 n
= I(Ej; Uj)TEjUj’

where (a) holds by choosing 7' () ¢ B% (Té")U) to be the optimizer for IifaX(E]”; U)o 5 (b) holds by the fact
I EjUj

the Inmax(E;U)7 > I(E;U)y for any state 7 15 (c) follows from continuity of mutual information from Fact @

with g(e;) = 2hg ( = ) (d) follows by Proposition This implies

1+€j ?
Rj > I(Ej; Uj)r.
Note that and monotonicity of trace distance implies that | 751 52X0X0Y — plEX40Y <o (see also (@9)).
Hence, we have shown that in the asymptotic iid limit:

lim lim (RQC*f”) (e1,22,8) C R (e). (86)

£1,62—0n—00 outer
We have thus recovered the asymptotically optimal region of [S, Theorem 1, Theorem 3] up to . Since, we also
have that cardinalities of the auxiliary random variables are bounded, we can directly apply [14, Lemma 6] (see
Fact [7) for a detailed analysis) to recover the asymptotically optimal region of Corollary [3.1] as follows:
_ _m\ () _ -
ReG"" = lim Tim (REG)" (e1,02,2) € RETT = 1im RET(e).

outer outer
e—0n—o0 e—0

Thus we have shown that in the asymptotic iid limit:

B ) () )
ROC—fb ¢ Ritd C iy (R.QC fb) (e1,80) C ROC I

T ter
oute N300 inner oute

_ )\ (M) _ _
= RICT = limtim (RIC) T (e1,20) = RIS = REG.

inner inner outer
e1,62—0n—o0

VII. CONCLUSION

In this work, we have provided one-shot inner and outer bounds for simulating a two-independent user classical
MAC, with unlimited shared randomness for fixed product inputs and also universally for two independent arbitrary
inputs. Further, we have derived the corresponding generalizations to the classical scrambling QC-MAC with
feedback and fixed inputs and provided a tight asymptotic iid rate region. There are plentiful of interesting connected
open problems, e.g., characterizing the rate region of CS-QC MAC without feedback, as well its universal rate
region. Yet, another challenging and immediate open problem is the fixed input and universal simulation of fully
quantum MACs. This would call for further in depth understanding and interpretation of the global Markov condition
(A1, Ag) — (Uy,Uz) — Y and how that can aid in viewing the MAC as two point-point channels. Another technical
issue would be to bound the cardinalities of the quantum auxiliary systems Uy, Us , both in one-shot and asymptotic
iid settings and prove a matching single-letter asymptotic iid converse.

Potential applications of our simulation techniques are in one-shot quantum multi-user rate distortion theory [16],
characterizing the communication complexity of computing a function across a network [17]], remotely preparing a
target quantum state between several users and analyzing the related dynamical resource theory [7]], and simulating
other general network topologies.
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APPENDIX
ORGANIZATION

In the following appendices we give the key technical tools used to prove our results for the one-shot classical
and classical scrambling QC-MAC simulation, along with the proofs of some of the main lemmas of this work.
Although these tools are not new and has a quite exhaustive literature, we state the versions that we use in our
proofs. We also give proofs of some of our key lemmas in some of the sections of the following appendices.



25

APPENDIX A
REJECTION SAMPLING AND CONVEX SPLIT LEMMA

We use the version of rejection sampling inspired from [[18]] and developed in [11]]. We first state the accept-reject
technique to shape one distribution to some other distribution of interest.

Fact 1: |11, Lemma 1] Let Y be sampled from the distribution gy and py denote the target distribution for
sampling Y. Assume p, q satisfy p < ¢q. Let M > 1 be an integer. Suppose Y1,Ys,..., Yy ~ gy be iid random

variables. Define A := max,cy Z igg; = 2Dmax(pvlley) Then there exists an algorithm, called accept-reject or
rejection sampling that either outputs a random variable Y e {Y1,..., Y} such that for any ¢ € (0,1) and a large

enough M satisfying:
_{ M }
2 LePmaxylloy) S < ¢ it holds that
Ipy = By l1q < &,
or outputs an abort message at termination of the algorithm.

Remark 3.1: The choice of M ensuring that the probability that the above accept-reject method aborts is upper
bounded by:

(1 o 2—Dmax(pYH(IY)>M S 2_{m} S c.

Thus, the accept-reject method outputs a sample distributed according to py (under no abort with probability at least
1 —¢) using log M > Dpax(py||lgy) + loglog(1/e) trials from shared randomness. This can easily be converted
to a point-to-point channel simulation achievability protocol as stated in the Fact 2] and implemented in [1T].

Using this fact we now state the specific versions of the one-shot classical point-to-point channel simulation costs
for fixed input and the universal simulation criterion as the following facts:

Fact 2: Lete > 0 and § € (0,¢). Now let px y denote a bipartite probability distribution and S ~ pg shared
randomness between sender Alice and the receiver Bob. Alice sends a message m(x,S) € M to Bob, so that Bob
can generate a sample y(m, s) ~ DY | X=a-

(i) An achievable rate (with an almost matching converse) for the above task is given by (by fixing the input
distribution in [11, Theorem 2]):
1
Ri=log | M| > I3 (X3 ), + loglog
and the resulting distribution py y satisfies Ey, ||Py|x=z — Py|x=zlltva < €.
(i) An achievable rate for the above task which works independent of px (also called universal simulation, [11,
Theorem 2]) is:

- 1
R :=log |M| > Ia(py|x) + loglog 3,

and the resulting distribution px y satisfies max||py|x—» — Py|x=slltvd < €. Further an almost matching
X
converse for the universal task is given by [11, Theorem 4]:

R :=log M| > I}« (py|x) -

Finally, for deriving our results for the QC-MAC in Section we need a quantum analogue of rejection
sampling called coherent rejection sampling or the convex split lemma (first formulated in [19]). Again, this is the
core idea used to prove the one-shot measurement compression theorem in [20]], which can be modified to carry out
the CS-QC MAC simulation task, as we do here. We remark that the additive fudge term in the convex split lemma
is 2log 1/6 in contrast with loglog 1/ in the classical setting. This is because the classical rejection sampling ‘fine
tunes’ the input to be correlated with only the accepted sample from the shared randomness whereas the convex
split step correlates input with all the registers of the shared randomness. We state the convex split lemma used in
our proofs as the following fact:
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Fact 3: ( [20, Corollary 2] and [[10, Lemma 12]) Let ¢ > 0 and 0 € (0,¢). Consider the following states:

U= 3 pu)rE @ [u)ul” and o == 3 q(u) [u)ul]”

u

such that the supp(7Y) C supp(a¥) and {p(u)}., {g(u)}. are probability distributions. Further, suppose ¢ is the
distribution achieving the infimum in the definition of I5.%(F;U), (in equation (3)). Let

max

gUrleUn .~ Z q(ut,ug, ... up) |u1u2...un><u1u2...un\UlUQ'“U"

U1, U2y Un

be a quantum state satisfying Vs = ¢V for all i € [1 : n] and ¢ be a pairwise independent probability distribution
of U* with each U; ~ q. For the following states

EU1 Zp ® ‘U @O’ ,
j#i
E'Ul Z 1 EU1

and the value of parameter n satisfying

max

1
logn > IE0(E;U), +2log 5,

it holds that
+EUL.. +E ® o

The above fact in [20, Corollary 2] proves an upper bound of 2¢ + ¢ in (87) and logn is lower bounded by
I%,.(E;U);. The 2¢ term in the distance is due to a different definition of IZ,,. More precisely, the marginal 7 ¥

of the optimal state 7/*Y € B(r) for evaluating I%,. (E;U), need not be the same as 7, which is unlike our
Definition [4] Thus, by using our Definition ] we first reduce the aforementioned distance to ¢ + §. Further we get
rid of the additional § in the distance by choosing the radius of the ball used for smoothing to be £ — § instead
of ¢ (in [20, Corollary 2]), which gives us that logn > IS (E;U),. The same modifications were made in [10,
Lemma 12] when the state 75 is fully-quantum, resulting in the similar rate expression. Even with these minor
differences, the asymptotic iid limit of smoothed-I,ax (With any of the two definitions) is I(E;U), (see e.g. [12],
[21])). We also note that a fully quantum version of the convex split lemma with slightly different definition of I

max
was also given in [22]]. However this CQ version of the convex split lemma suffices for our purpose.

<e. 87)

tvd

APPENDIX B
CARDINALITY BOUNDS AND SINGLE-LETTERIZATION

A. Cardinality of Uy,Us for asymptotic iid simulation

The cardinality bounds of i/, Uy were proven in [5, Lemma 5] using the so-called perturbation method of [23]
Claim 1] and support lemma of [24, Appendix C]. We state this result as the following fact:

Fact 4: [5, Lemma 5 and Theorem 3] Given the MAC simulation task in Deﬁnitionwith fixed inputs (X7, X2) ~
qx, X gx,, suppose the cost region for simulating the MAC ¢y x, x, IS given as:

Riid _ {(Rl,R2) ' R; > I(Xj,U]'-\T)p/, for j € {1,2}}

for some overall distribution

P, o005y, (1, T2, Uy, ug, Y, 1) = mr(t)ax, (21)ax, (22)pug x, (U121, £)pug x, 1 (wal w2, Opy ooy o (YU, ug, t)
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such that T [thX%y‘T(xl, T2, y)} = qx, (71)qx, ($2>QY‘X17X2(.’IJ1, x2). Then the cardinalities of random vari-

T~[1:n]
ables U7, U5, T can be restricted as follows:
’ujl‘ < ‘XIHXQHy‘7 fOI'j € {172}7 (88)
T <2.

Moreover, one can show that there exists an overall distribution px, x, v,v,,y, With cardinalities of ¢/; as bounded
above in (88 and px, = qx, (for j € {1,2}) such that px, x, v = ¢x,,x,,v and the cost region can then be
simplified as:

R = {(R1,R2) : Rj > I(X;;Uj)p, for j € {1,2}} .

B. Cardinality of Uy,Us for one-shot simulation

We first state the following fact on a characterization of the max-mutual information of two correlated random
variables.

Fact 5: |9, Lemma B.5] The max-mutual information between a pair of jointly distributed random variables
(X,U) ~ px,v is given by:

) — maxlog [ PXUEW N e pxu (@, u)|X|
ImaX(X,U)p T log (pX(l')QU(U)> na: log (pX(x) {le pUX(u|$,)}) ,

where gy (u) =), p”"XT(TM) is the optimal distribution in the Definition |2 of I;ax.

We now prove Lemma [I.3] that upper bounds the cardinalities of auxiliary alphabets U, Us.

Proof: The proof is very similar to the proof [5, Lemma 5]. We show that the cardinalities of the auxiliary

alphabets can be brought down to [U/;| < |X||X>5||Y] for j € {1,2}. The essential property of any entropic quantity
under consideration, that is required to bound |I/;|, is that it should be invariant under the perturbed distribution.
The entropic quantity considered here is Iy .x. We note that the cost region is expressed in terms of smoothed
I'max(X;,U;) and not in terms of I(X;;U;), hence a separate proof than that of Fact |4|is needed. For this we use
the perturbation method first developed in [8, Lemma 1 and 2] and then simplified in [23, Claim 1].
Along the lines of the perturbation method ( [23, Claim 1]), we consider an optimization of the weighted sum
V1 Inax (X1; Ur) + volmax(Xo; Us) for non-negative real numbers 14,5 and come up with new auxiliary random
variables with reduced alphabet sizes and not increasing the weighted sum, along with preserving the constraints
on px, X,,U,,U,y from Lemma [I.2]

Thus, for a given p(x1, x9,u1,us,y), consider the Lyapunov perturbation L(u;) and the perturbed distribution
pe defined by:

pa‘(l‘lux27u17u27y) = p(xla J,‘Q,’U,l,’U,Q,y)(l + EL(ul)) . (89)

Note that the £ above can be negative. Clearly, for p.(x1,x2,u1,u2,y) to be a valid probability distribution, it
should hold that (1 + eL(uy)) > 0 for all u;, and X, p(u1)L(u1) = 0. We will further consider perturbations
L(uy) satisfying

U E( )[L(Ul)\Xl =11, Xo =122, Y =y| = ZL(Ul)p(UﬂUCl,xz,y) =0, Vo1, 22,y . (90)
1~plu

(251

Note that the marginal distribution of X7, X5 is unchanged under the above perturbation, that is, pe(mj) = p(a;j)
for j € {1,2} and that p.(u;|z1) = p(u1|z1)(1 + eL(uq)).

(B9) can also be seen as a linear equation LT P(u|x1,z2,y) = 0, where L = {L(u1)}, is a vector and
[P(u1|z1,22,Y)] x| X,||&||y| 18 a stochastic matrix. Thus, by the rank-nullity theorem the range space of
[P(ui|xy, 2, y)]WlM |||y 18 of dimension at most | X1]|X2||Y| and hence a non- trivial (non-zero) perturbation
exists as long as |U| > |X1||X2||)|. Further, for sufficiently small values of ||, we also have (14+&L(u1)) > 0 for all
u1. A simple check ensures that this perturbation preserves the distribution p(z1, z2,y). Similarly, a straightforward
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marginalization of (89) also ensures that the global Markov constraint (X3, Xs) — (Uy,Usz) — Y holds also for
the perturbed distribution p..
Now if the distribution p(z1,x2,u1,us,y) minimize vqlnax(X1;U1) + volmax(Xo;Uz), then for any valid
perturbation, the following first derivative condition must hold:
d
% (Vllmax(Xl; le)pE + VQImaX(X2; UQ)pE) =0 1)
e=0

We now evaluate weighted sum term under the perturbed distribution p.(-). Using (89) and Fact |5| we get that
I'nax(X1;Ur)p. remains unaltered due to perturbation as:

1 L X
Inax(X1;Up)p, = maxlog P, (21, u1) (1 + eLu))| X ]
P px () {Zx; puy x, (ua2h)(1 +5L(u1))}

Px,,U, (21, u1)| A
= max log

ot px(z) {Zm; puy x, (w1 \16'1)}
= Imax<X1; Ul)p .

We also get from Pe(T2,u2) = p(x2,u2) and thus Inax(Xo; U2)p. = Imax(X2;Usz),. Note that from Fact
@©I) is automatically satisfied. Now, we choose ¢ such that min,, (1 + eL(u;)) = 0 (such an € always exists
since € can be negative) and let u; = wj attain this minimum. This implies p.(uj) = 0, and hence we can
reduce the cardinality of U; by 1 or equivalently there exists a Uj such that |[U/{| < [Uf1] — 1 and the minimum of
V1 Imax(X1;Ur) + 21 (X2; Us) is preserved. Finally, we can proceed by induction until |4 | = | X} ||X2||Y], beyond
which we are no longer guaranteed the existence of a non-trivial perturbation L(u;) satisfying (90). Hence we
can restrict the cardinality to [U;| < |X7||X2]|Y|. A very similar argument can be carried out for bounding the
cardinality |Us| < |X1||X2||Y].

The same analysis can be carried out for the rate region of Lemma [I.2] and Lemma [2.2] where the rates are
governed by smoothed max-mutual information I, (X;; U;), and the channel smoothed max-mutual information
can be described as Iﬁ{ax(pUj‘ XJ_) = Iﬁ{aX(Xj; Uj)pxjpu,w X0 since Iﬁ{ax(pUj‘ Xj) is independent of the choice of
input. We can repeat the entire argument by replacing the distribution p with p’, such that p’X_’Uj € B*(px,,u,) and
P)’(j = px,, without disturbing the global Markov property. The only change is that we will start with the Lyapunov
perturbation of the distribution px, p’Ul| X, DX p/U2| x,Py|u, U, instead of px, py, | x, Px,Pu,|x,Py|U, U, Then, one can
run the same argument by first considering p’ (u1|z1) = (1+~L(u1)) and showing that I5,. (X1; U)gy, ot (us]ar) =
It .« (X71;Ur)p. Note that under this perturbation I, (X2; Us), remains unchanged. Then the similar analysis can
be done by considering the perturbation of Qszle\ x, (u2|z2) € B*(gx,Pu,|x,(u2|2)), by keeping gx, fixed. This
shows that it suffices to choose Uy, Uy with cardinality |I/;| < |X||A2]|Y]| and the region R,yzer stays the same.

Remark 3.2: Another technique to prove cardinality bounds of auxiliary random variables in classical information
theory is support lemma (a corollary of Fenchel-Eggleston-Carathéodory’s theorem) [24, Appendix C] and recently
a fully quantum version of it was developed for I, .« by [7]. However, it does not suffice for our purpose. The
reason being that the global Markov chain (X, X2) — (U1, Us2) — Y cannot be preserved using support lemma.
Hence, we have to use the perturbation technique as in the proof above. It is for this reason, the cardinaility bounds
for the asymptotic iid case as shown in [5, Lemma 5] are also proven using the perturbation method.

C. Cardinality of Uy,Us for CS-QC MAC simulation

Proof of Lemma 3.3t

Proof: The proof is very similar to that of the proof of Lemma I.3]since the auxiliary random variables Uy, Us
are classical and are generated conditioned on X, the output of the measurement operators of the channel. We
have:

Imax(Ej; Uj)T = Hg[f
r-J

(TEj - TUJ)*l/Q +EiU; (TEj ® 74U,-)71/2H ’ (92)
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where 75U = Y px () [pUj‘Xj (ujla;) \uj><uj\Uj} ® cpfj. Since rY is classical it can be chosen to be of

Il?j ,'Mj
form:

U =" v, (ug) Jug Yy
Uj

for any probability distribution ry,. Substituting this and 75 = 3" py;, (a:j)gpif in (92) we get:

Tj

Imax(Ej; Uj)T

_1/2 7" _1/2
. , . px, (x5)pu,|x, (ujlz;)

= inf PR DI ZACHIN eay | Do, (@), ® o () g )(us]

J Tj,Uj x/. T J J

’ oo
—-1/2 . —-1/2

(@) , , px, ()1 X |y, x, (uj]z;)
= pXJ(x)SO ! 2 j pXJ(‘r)SO " & — ‘U><U‘ )

sz:uj %: J z; x ; J z; ng pU_j \Xj (Uj ‘33;) J J

J ’ 0

(93)

where (a) follows because Uj is classical and only depends on classical X; and consequently from Fact
With this identification we can essentially repeat the proof of Lemma [[.3] given in Section [B-B] In order to do
this we can perturb only the distribution py|x, in the state 7 defined in (#9), that is used to evaluate R?ﬁ;f g

Since the quantity Imax(Ej; Uj)-, depends on U; via py,|x,, it follows exactly from the proof in Section that
I'max(Ej; Uj) remains the same under perturbation. The rest of the proof is exactly the same as that in Section [B-B

D. Single letterization of asymptotic expansion for MAC simulation

Here, we prove a single-letter characterization of R,y Although, this is a well known technique in classical
information theory, yet an argument is always needed for the task under consideration. Hence, we give a self
contained proof to show that our one-shot rate region can be lifted to the asymptotic iid setting and also can be
single-letterized to match the outer bound of [5, Theorem 4].

Proposition 1: Consider any n-letter simulation code that induces the joint distribution

piX{",U{",X{,",U},Y" (a7, ut, 23, ug,y") = Q?}?(J?l)qg??(ﬂ??)pbmx;l (ut |x711)plen|Xg (qugL)pgﬂﬂU{zU; (y"|uy, uz),
(94)

such that pkiz7 Xpyn = q?}?q?é?qg&h x,- Suppose the rate pair (R1, R2) satisfy:

1 n n .
R] 2 EI(XJ 7Uj )p/, fOl‘j € {1,2}
Then,
Rj > I1(X;;Uj)p for j € {1,2},

for some distribution DX1,U,X2,U5,Y = 4X,4X,PU, | X, PU | X-PY UL Us such that DX1,X5,Y = 4X,9X,9Y|X,, X

Proof: The proof follows mostly by standard arguments. An important point is to ensure that the cardinalities
of the auxiliaries (U;, Uz) are bounded, which is ascertained by Fact

The proof of single-letterization is as follows (for j € {1,2}):
1
Rj = —I(X55 U7y

1 n n n
= = [H(X]) g0 — HXJIUD)y |

(a) 1 n S
e [Z H(X;)gn, — HXJIUD)y
=1
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3

S|

[ (Xji)ax, — HXXIT Uy |

.
—_

—
S
=
Il

vV
S|

[H (Xji)ax, — H(X;4|UJ, i)p/}

=

I(X;i:Uji)p

I
S|

.
Il
i

I(X;i;Uj|T = i)y

IS
S|+

i=1

= 1(Xjr: Ujr|T)y

d

@ I Ui T 95)
where (a) follows by iid distribution of X;; (b) holds by the fact that conditioning reduces entropy; (c) follows
by identifying the so-called time-sharing random variable 7, uniformly distributed on {1,2,...,n} with p.m.f.

(i) = % and independent of X1, X2, Uy, Us,Y; (d) holds because X rALT and with the identification X 7 = X.
Now we define U; := (U;r,T), Y; := Y, and the joint distribution

n

1 /
pX11X21U11U21Y = Z Ele,i,XZ,iUl,hUz,l,Y‘T:i :
i=1
The above defined p satisfy the marginal property (or the simulation constraint):

n

1
> plen ez uzy) = 30> WP X U U g Yo (21,02, U, 2y y| T = )
U1 ,U2 uy,u2 1=1
n
1 /
= Z 5 Z pXLz',Xz,iULi,Uz.l,Yi (l’l, Z2, U1, Uz, y)
=1 Uy ,U2
n
@ 1
= Z X, (z1)gx,(z2)ay|x, x, (y|71, T2)
i=1

= qx, (71)qx, ($2)QY\X1X2 (y|z1, 22),
where (i) follows from (94).
Finally, from Fact {4} we have that it suffices to take U; with cardinality |I/;| < |X1]|A>5[|Y|. We have thus identified
p that satisfies the simulation constraint and using this p in (95), we obtain

R; > I(X;;Uj)p -

E. Single letterization for asymptotic expansion of CS-QC MAC simulation

We now state and prove a proposition that ensures that CS-QC MAC simulation with feedback has a single-letter
characterization.

Proposition 2: Consider any n-letter simulation code, that induces the state
/EanUnEanUnYn
pANIUTERIUYT = N T @) R (@2)pp xp (WD 2 Plrg xp (B 125D g g (9" | ) [ Mer? |

n n
W2
Uy ,Usz Y

E,\®n E,\®n
[urXutlyy @ 25 )X28]xy ® [upXuslyy @ (02)) " @ (92;) " @ [y")Xy"

oo 96)
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such that 7 FrE2Y" — N,y Suppose the rate pair (R, Ry) satisfy:

1 n n -
R] > EI(EJ 7U] )7-/, for RS {172}

Then,
Rj > I(Ej;Uj)T for j € {172} )

for some state

’TE1X1U1E2X2U2Y = Z bPx, (l’l)ng ('I2)pU1|X1 (u1|$l)pU2‘)(2 (u2’$2)pY|U1,U2 (y|u1’ u2)<'0£11 X gpfj@
ity
| @ fun )| @ ool @ [ua)u| ™ @ ol ©7)
such that 72152Y = pEiB2Y

Proof: The proof is very similar to that of Proposition |1} By Lemma we can assume that cardinalities of
1], |Us| are bounded as [U;| < |X||X2]|Y|. Then, we have

n
1 n n|rrn
(a) 1 - n|TTN
= - [Z H(Eji)r,  —H(E}U)-
=1

n
1 -
fry Z ﬁ |:H(E.]7Z)T/EJJ - H(E]71|E;’117 U]n).,-/:|

1
>y - [H(EM)T&J_J - H(Ej,i\Uj,i)T,]

© -~ 1 .
= Z EI(E]’“ U]’z‘T = Z)T/

=1
= I(E;1;Ujr|T)»
D (B Usr, T)rpr, (98)

where (a) follows by iid distribution of E;; (b) holds by the fact that conditioning reduces entropy; (c) follows
by identifying the so-called time-sharing random variable 7', uniformly distributed on {1,2,...,n} with p.m.f.
(i) = %, and independent of F1, E», Uy, Us,Y; (d) holds because £; 1L T and with the identification E; 7 = Ej.

Now we define U; := (U;r,T), X; := X1, Y; :=Y;1r (X;7,Y;7IT) and the overall state

n
1
B XU EUY
TR =N = Y L Py i), (@208, i, e (il )P, i (u2le)
=1 T1,i,T2,i
U2 ,5,U1,i,Y

Py, 1 00 =i WU iu2,0) [21,i021 0

Kt @ g Nwa M2 0 @ @ @ Jug X" ® [ugiduzi|” @ lyXyl*

The above defined 7 satisfies the simulation constraint since:

n
1 .
PP = T | N TN T Xt ey (@1 @2, w2,y T = ) [ X[ @ ) @
T1,T2 ¢=1 n
U,U2,Y
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P ® o @ Juriural " © uguzal " © lyiyil” |

(@)
ST | Y px X Uy (T, @2, un, Uz, y) [ o [N @ Jzo)ae| @ o @ ofie
s iy

Jun ) [ @ Jug)(us|” @ |y)yl”

(@) X X
= Tr Z px, (T1)px, (22)pu, x, (w1 |71) P, x, (U2|22) Py |0, U, (Y|U1, u2) |21 K21 |7 @ [20) (22|
T1,T2
Uy,U2,Yy

®90§f ® <P;% ® px, (962)80522 ® qy|x, x, (Y|T1, v2) !y><y!Y]
_ PEXaXaY (99)

where (i) holds by defining

n
1
. /
pxl,X2U1,U2,Y($1,ﬂJ2,U1,U2,y)-— E ﬁ E pXM,XQ),,UM,Umy,;(961,1‘2,U1,u2,y)
i=1

Uy,uU2
= px, (21)px, (¥2)py, | x, (U1|21)pU, X, (2| 22) Py |0, U, (YU1, U2),

and (i7) follows from (96) and the identification of p in (i) above.
We have thus identified 7 that satisfies the simulation constraint and using this 7 in (O8], we obtain

R; > I(Ej; Uj)r -

F. Continuity of the e-rate region

We start with the following fact about the continuity of mutual information I(A; B),az with respect to 74 p having
a fixed marginal 7. When both the systems A and B are classical, the continuity bounds of [25, Theorem 17.3.3]
and [14, Lemma 4]) suffice. However, an improved version of the continuity of mutual information for general
quantum states was proven in [26, Lemma 2] known as the Alicki-Fannes-Winter continuity bound, which also
applies to classical bipartite distributions. We state this result as the following fact:

Fact 6: [26, Lemma 2] Let p' 4B and pAZ be two quantum states on the joint Hilbert space HAZ such that
p? = p'4. Then for any ¢ € (0, 1), it holds that:

AB 'AB
—p

e L Ze=|I(A;B), ~ (4 B)y

1+e¢

tv

< 2slog|A|+2h2< £ >

We now state and prove that the asymptotic extension of our outer bound, that is, R¥<_ () converges to R¥¢ as
mentioned in Corollary @ Since this is a direct consequence of [14, Lemma 6], we state it as the following fact

and include the similar proof for completeness.

Fact 7: [14, Lemma 6] Consider the asymptotic iid setting for simulating a MAC ¢y |y, x, with inputs g¢ =
gx, X gx, (see Definition [5)) for any € € (0,1). Let an outer bound for this task be given by:
< 6}
tud

Ritd (e) = {(Rl,Rg) Ry > I(Xj: Uy, for j € (L2}, pyggy st B Ipyiz — 0y
X
with |U;] < |&1||Xs||Y] for j € {1,2} then:

Riid = m Rzigter (5)’

e>0
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where Riid = {(Rl,RQ) : Rj > I(Xj; Uj)p, fOI‘j € {1, 2}, p)aay s.t. p)?,Y = q)ay} .

Proof: Since any rate pair (Rp, R2) € R¥ lies in R%? for all ¢ > 0, therefore it holds that R¥ C

ﬂo Riid  (¢). The reverse direction ﬂ Riid_(e) C R¥ is quite non-trivial, for which we sketch the steps
e>

below. Consider a sequence {e;}i>1 such that lim ¢; = 0. Also, let
1—00

P(7) = {p)a(j’y L AX,4X.PUL X, PUL X PY Uy U, @0 Py = gy With {1}, < |X1|’X2\|y|} :
P7) = {pgoy : ax oo p ey, ad pgy —agy | <ewith {11 < 416

Now, we take a rate pair, say R* = (R}, R3) € ﬂ RUd, (). There is a sequence of p.m.f. p;(Z,d,y) € P.,(7)

outer

corresponding to this rate pair. These p.m.f.s belong to the probability simplex P of dimension |X;||Xs ||l ||Us
and since the cardinalities of |l |, || are bounded therefore the probability simplex is compact. Thus, there exists
a subsequence {ij },>1 such that the subsequence of p.m.f. {p;, (Z, 4, y)}xr>1 converges to some p*(Z, @, y) in the
probability simplex.

The key point of the proof is that p*(Z,d,y) € P(7). This can be proven by using the continuity of the total
variation distance and the mutual information in the probability simplex. In particular, this follows from

Ilp* (%, y) — q(Z,y)|, = Jim Ipi, (%, y) — a(Z,y)|, =0 = p*(Z,y) = q¢(Z,y)

Furthermore, since (X1;, U1;)lL(X2;, Us;) and the Markov condition (X1;, Xo;) — (U4, Uz;) — Y; holds for all
i > 1, the same also holds in the hmmng case.

Finally it can also be shown that R*isa point of R%? corresponding to the p.m.f. p*(&, i, 7). By using Fact EI,
we get:
Hp}j,w —PXU|,  SE ‘I(Xj;Uj)pxj,Uj = I(X55Ujpx, o, | < 2 log(| X)) = 2Rz <1 g ) = g(e).
This implies that liH(l) g(g) = 0. Hence, R¥4,_ (s;,) converges to R¥?. This completes the proof. [
E—
APPENDIX C

ASYMPTOTIC EQUIPARTITION PROPERTY (AEP)
A. Asymptotic expansion for fixed input

We state the AEP for smoothed max-mutual information for a classical distribution (see (34) following Theorem 9
of [10]) and a CQ state (equation (107) following Theorem 11 of [10]).

Fact 8: [10, Equations (34),(107)] Let IXPx|u = Px,U € ‘P be any joint distribution and = D(HEU) be
any quantum state. Then for any ¢ € (0, 1), it holds that

1
lim —I7,. (X :U), o =I(X:0)

n=sco 1, max Px, U’ d (100)
1 3
Jim 5 (B U)(TE,U)W =I(E:U)msuv. (101)

B. Asymptotic expansion for universal simulation

We now state the AEP for smoothed max-mutual information of the channel. This is obtained by taking the limit
lim,, 00 in [11, Corollary 9] resulting in the following fact:

Fact 9: |11, Corollary 9] For any point-to-point channel py;x and ¢ € (0,1), it holds that

4dxPu|x

") =max I(X;U)
ax
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APPENDIX D
UNIVERSAL MAC SIMULATION

A. Proof of Lemma [2.1]

We start by giving the achievability proof of Lemma [2.1]

Proof: Fix (g1, €9, d) satisfying the conditions of Lemma and choose auxiliary channels py, | x,, py,|x, and
the decoder py/y, p, from the set A™"¢", given in (39). We need to show that for any (R, Ra) € Ri™ (e1, &2, 0)
(defined in (38)), there exists an (R, Ra,¢) one-shot universal MAC simulation protocol as mentioned in Definition

Bl

We will use the universal point-to-point channel simulation algorithm of Fact [2}(ii) to simulate the auxiliary
channels py |y, independently at each sender j € {1,2}.

 Sender-j: Let sy, be a distribution with full support and choose U; ~ sy, as the shared randomness between
the pair (€;, D). Using the rejection sampling algorithm mentioned in Fact || sender j sends the appropriately
chosen index of the shared randomness using R; bits to simulate the auxiliary channel py |, irrespective of
any particular input gx,.

e Decoding: After receiving the transmitted index of shared randomness from both the encoders, the decoder
first generates (Uy, Uz) and applies the stochastic map Y ~ pyy, p, to universally simulate gy |x, x,-

 Hence, the output distribution of U; at D, denoted by p?}f"lg{ satisfies (from Fact I(u))

algo

PUX, =, — PUIX =2, ||, S €G- (102)

max
Tj tvd

The amount of classical communication required to achieve this target distribution is given by the universal
point-to-point channel simulation protocol from Fact [2}(ii) as :

1
R; > I (pu, x,) +log10g5 -

Thus, our algorithm generates the overall distribution
algo algo
P vy = 06 X 0% X PG, X PPy (103)

Note that the input distributions ¢x,(z;) above are arbitrary and play no role in the simulation criteria given by

To complete the proof, we finally need to show
Y| X1 =z, Xo=x5 Y| X, =x1,X2=2, ||tvd <& +eo.

This follows by the following chain of inequalities:

1
g}%f“pifﬁg(lzthQ:xQ - qY‘X1=xl,X2=:E2 Htvd

(i) max||p*E -p || tva + max||p —q I
= Y| X1 =1, Xo=1> Y| X1=x1,X2=2- lItvd iVl Y| X1=21,Xo=2> Y|X1=21,Xo=x |ltvd
®) 1
= max| X Py U =u,,Us=u, (PU1|X1( 1)]92[‘]‘5?)(2 (Uz) - Puy|x, (Ul|$1)10U2\X2 (U2|932))

T1,T2 ||ug,us tvd

al al

= max Y EPY|U1,U2 (y|u1, u2) ‘(p?j‘fTXI (Ul)p‘;]fTXQ (u2) — Pu,|x, (Ul\fl)pU2|X2 (U2|$2)))

T1,T2 Uy, Uz Y
(<C) || algo algo algo || H algo ||
= 1;11%6); Py, ‘Xl_xlpU2|X2 - _pU1|X1_I1pU2\X2 =z |ltvd T ;nljax); pU1|X1:I1pU2|X2:a:2 — DU, | X =2, PU,| Xo=, |l tvd

algo algo

= maXHpU1|X1_x1 hmax|py,y, o, = PvIxo=r, llwa + max|pv, x, =z, [hmax|lpy v, ., = Pv %= lt0a

(d)
< éer+er
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where (a) and (c) follow from the triangle inequality and the fact that maximum value of the sum of two non-
negative functions is less than or equal to the sum of their individual maximum values; (b) follows from the
definition of distribution induced by the code in (I03)) and (d) follows from (102).

We have thus shown that there exists an (Rj, Rg,e1 + €2) code for universally simulating qy|x,,x, Which implies
Rﬁ}mer(€1,€2) C Ry. |

B. Proof of Lemma [2.2]

We now prove Lemma [2.2] the converse for the one-shot universal MAC simulation task.

Proof: Let (1,e2) and ¢ satisfy the conditions of the lemma. We need to show that any (R, R2,c) MAC
simulation protocol according to Definition 8| has (R1, R2) € R (e1,£2) (defined in (@0)), which implies
Ry C R (1, e2).

Consider a MAC simulation protocol with any arbitrary input gy, X qx, and the overall distribution as

/ /
® (qx,- QSijj|sj,Xj) Py 31,5
j=1

The encoders are specified by p’ My Xy,s, and P M| X,,5,» and the decoder is specified by 4 Y|My,M,,S4,8,- Since, the
code is a faithful simulation code, we have from Definition [8}

<e=¢€1+4+¢eo. (104)
tvd

max
Z1,T2

/
Py |xX,=a,, Xo=2, — Y| X1=21,Xo=1>

We now use a similar intuition as in Lemma to identify the auxiliary random variables for simulating gy |x, x,-
Define the following set for every vector & = (x1, x2)

7= {(my«?) Py s, x, (185, 25) = ﬁ,y = 172}- (105)
J

We henceforth denote the projection of Cz onto (Mj,S;, X;) (or the gt user) as C:, and we make the similar
identification for their respective complements.
Note that by union bound, we have

2
.
Py(Cs) <> P <{p3szj,xj(mjlsj,wj) <M ] }) < e+ ey, (106)
j=1 !
where we have used:
g
Py <{(mj,5j) t Py, x, (185, 25) < A }) = Ps, (55)Phg,s,,x, (15185, 75)
’ (255Dl 15, x, (Mlss.2) < iy
-
= Pp(Ca) < > Mjquj <ej. (107)
(mjvsj) J

Hence, P, (Cz) > 1 — &1 — €9, for all Z.
Consider the distribution defined as follows:
Pls, (8)Phs. s, x, (Mj85,25) . 5
4 L , ifm;, s; €C,,
P51, (Mg slx) -= By (Cay) P (108)
otherwise .

We have thus identified the auxiliary random variable {U; }?:1 for each z; as:

P, (39)Phy1s;,x, (14185 2) U m, ).
Pp’ (ém] )

Uj = (Mj, Sj)le, = pu,ix, (ujlz)) = Py s, x, (g, s5la5) =
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Using this we identify the conditional distribution Piy|x s

(2 05, (5P s, x, (mslssoas) s ). ifms eC
Jg PG ( s,m), if mj,s; € Cy,
Pey (@, yl) = (Z é) [pu X, uﬂiuz()? ,),Lc " y|u> (109)
— p/ L y|U
\0, otherwise.

Now, we identify the complete joint distribution p defined as follows:

2 [qu (23)Py x, (“j%‘)} , . 5

® pY|U1,U2(Z/\U1,U2), if (2) € Cz

Py (& i,y) =< ;21 P (Cey) (110)
0, otherwise.
Note that (T07) also gives:
/ _ I o /
max HpY\X’:f TPy R,y T X ﬁEg (pM S| X=i pMS‘pZ::E) Py ii=m,5=5 o (1D
max Z |p(’n_i,§'|f) _p/(m7§|£)’ —I—H?@X Z |p(7’ﬁ,§|f) _p/(maﬂfﬂ
T (m.)ecs T (m5)eCs
= 2
L nax Py (Cx) + - max Py (Co, )Py (Co,) ! 1
—= — Imax ’ 7 — ImaXx / / — > -
2 7 P2y PR PRI Py (Cay )P (Cay)
<ertes. (112)

Finally we define the following distribution on the random variable U;(= (M, S;)) that will be used to evaluate
the quantity I, (py,|x,) for j € {1,2}:
1
ru, (uj) == qs,(55) 7o (113)
’ M|
These identifications leads to the following implications on the rate of the protocol:
QIi{jax(pUj\Xj) (%) 2Dmax(pIX]~,Uj ||p/X] ><T'Uj)
p/X]-,Uj (@, u;)
= IMmaX max /—
T; U pXj (l‘j)TUj ('LLJ)
(0) as,(53)Phr, s, x, (M1, 5)

— Inax max

T (my,s;) qs, (s5)/IM;]
(c)
< |Mjl, (114)

where (a) follows from the definition of channel smoothed I,,x in Definition [3| and observing that distribution
PU|X, =, = PM,.5,|X,=2, € B (p3‘/fj75j\Xj=i’3j) because:

/
‘pUj|Xj::pj — Py |x,=x,

= max; >

m;,S;

max
T; tud

(my, s|z5) — P, s1x, (M 8j|$j)’

RN

1 1
:%?Xi Z P M;,S;|X; mg,sg\xg)<w > Z P M;,S;|X; (mj, sjlx;)

mJ}sJeC m],sJGC

=Py (Cy,) < & ( from (107)),
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(b) follows from the identification of U; = (Mj, S;) for all p’ and the Bayes rule and
(c) follows since py, o X, (mj, sjlz;) <1 and the definition of 7;(Uj).
We thus have from , the rate of the code is lower bounded by:

Rj = log |M]| > Il’EnjaX(pUj‘Xj) for j € {172}

From (TT2) we have that py, ¢_. € B7=(
the triangle inequality:

p’Y| )?:f). This along with the simulation constraint of (I04) yields by

< 2(e1 +&3). (115)

max F o — 2
E pr\xzx by |X=z tod

We have thus identified the auxiliary channels py,|x,,pu,|x, and a distribution pyy, y, = p’Y'U1 y, (from the
decoder of the simulation protocol), such that:

(PU, X1 PO X5 PY UL US) € Aguter,
where the set A%“" is given in (@2) and the rate of any (R;, Ra,<)-simulation code is bounded below by:
Rj > Ija(Pu x,)-

To complete the proof, we require a bound on the cardinalities of /1, Uy, which is same as given in Lemma @]
and proven in Appendix [ |

C. Asymptotic expansion

We will extend the single-letter universal protocol to the asymptotic iid case and show that the rate region can
still be single-letterized. We split the proof into two parts showing that the asymptotic inner and outer bounds
converge to Rﬁ}d. Throughout the proof, we choose the parameters €; > 0 and § € (0, min{e1,e2,1 —€1,1 —e2}).

1) Asymptotic iid Universal Inner Bound: We extend the universal one-shot inner bound to obtain the optimal
universal asymptotic iid rate region. Let (R, Ry) € Rii® (defined in (#4)) be such that for any 1 > 0,

R; > max I(X; Uj)qxijj‘Xj +n, (116)

ax;
for some py, v, v|x = Pu|x,Pu,|x.Py|v,,v. Satisfying p(y|z1,72) = q(y|z1, 72), for all 21, z2. Consider
_ ,dn _ ,®n _,®n
bur|xp = pU1\X1 yPup|xy = pUQ\XQ and Pyrjur,up = pY|U1,U2' (117)
Note that the triple
( )e A (118)
pur|xy, Pug|xg > PY»|Up,Ug inner

inmer 18 the nt" extension of the set Ajpner defined in of Theorem [2| The AEP from
Fact 9] for the channel smoothed max-mutual information gives

where the set A(n)

1 1
lim — |n-max I(X;;Uj)gx pu. x, +loglog —| = max I(X;;Uj)
J J J qXJ

n—oo n ax; 1)

which from means that

qupUj\Xj .

1
nR; > I (" ) +loglog =, (119)

max 5

for all sufficiently large n (depending on 7). Hence, (118) and (I19) together, in the asymptotic limit n — oo
and ¢; — 0 imply Rﬁd C R&nner(al, €9), where

n _ 1 ,
R mer(E1562) = {(Rl,RQ) nR; = Ll (puy xp) + loglog 5 for j € {1,2}}. (120)
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2) Asymptotic iid Universal Outer Bound: In order to prove that the asymptotic extension of the universal
one-shot outer bound is the region Rﬁ}d, for any ¢ € (0,1) we first define the following e-approximate

universal iid region as follows:

Rid(e) = {(Rth) 1Ry 2 max I(X5;Uj) g, pu,ix, 0V PX1,Xa,Us,Un Y = GX14X:DU, | X, PU | X, DY (UL Us

ax;

such that max <e,. (121)

Z1,T2

> plurfen)p(us|z2)p(ylur, us) — qylzr, x2)

Uy ,U2

tvd

We will now use the converse of Theorem [2| to an n-letter universal simulation block code with the dis-
tribution pya|xnpyp|xpPy=jun,up- For any € € (0,1) and €1,62 > 0 such that max{ej,e2} < /4, let

R(”)

Uouter (€1, €2, €) be the n-fold extension of the region RZ"“" (g1, 2, €) with respect to the input and auxiliary

: n (n) : —
random variables (XJ”, Uj”) ~ QX PUr Xy Suppose (nRy,nR3) € Ru(mm(el, €2,€) with pxn yn x7 Up yn 1=

q?é?q%??p[]{l‘ XrPUp|xpPyrUr,uy being the distribution induced by any n-fold simulation code satisfying

n
n n n n n n n
nax Z plut|=})p(uy |zg)p(y"|ut, ug) — ®Q(yi|$l,ia$2,i) < e (as 2(e1 +e2) <e). (122)
e ul,uly i=1 tod
Then, we have
.
nR; > I (puy xy)
(ﬂ) : inD n = Xn
= max min min Diax ( g% Pur|x» |[dx" X TUp
Qy@n pyn|xn €B% (pyn|xn) TUr 7ol !
J J' ] J
> . . D ®n, ®n
> max min min qx Pur|x»||dx. X TUr
Ix®n pur|xn €B%I (pun|xn) TUr 7o 7 J
j i i
(b) : : Xn = Xn KXn —
= max min min D | ¢y Pur|xn||dx X g a5 (:Ej)pU’n‘X;L:I;
qx;@'" Pur|x? eBi (pU;.L\X;l) run R A J J J

Zj

— 3 n,rrmny_
=max  min (X7 U)p
qx;@" peEBTI (pUJn\X}l)

(C) €j

= | HXFSU gy — 2 (152 ) = 20 o151
(i) max |nl(X;;Uj) — 2hy & — 2ne; log(|X;))

et ox, 79 ~J)/4x;PUj|Ix; 1+5j J J

where (a) follows since the smoothed channel max-information is independent of the input distribution
.« . . ®n7 ®n . . _
from (2) (b) follows from the fact that the minimum in D (qu Puy| X;quj X ryp | is achieved at ryr =

h q?}?(xj )buz|xr; (c) follows from Fact|6)and cardinality bounds on /; from Lemma and (d) follows
by a similar analysis to that of Proposition |I| (by maximizing over inputs qg) for some py, 17, v|x, x, =

Pu,|x,PU,| X, PY U, U, satisfying ngX prp‘g:f ~ Ay X=z w

By taking the limits lim lim , we get
g;—0n—o0

< ¢ due to monotonicity of trace distance.
d

R; > lim lim max [I(X;;U; —
T = e S0n—00 gx, (X5 ])qxijj‘Xj

=max lim lim |I(X;;U;)

qx, €;—0n—00 ax;PU;1X;
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= max I(X;; Uj;)

ax, ax;Pu;|x;°

Hence, we have shown that in the asymptotic iid limit:

lim R( )

N300 U,outer

(e1,€2,€) C RE(¢). (123)

Since, in our setting we have bounded cardinalities of the auxiliary random variables, we can directly apply
[14, Lemma 6] in our case (see Fact [10] for exact statement) to obtain

(n) . piid id id
i% nh_>n(;lo RU oute'r( ) T R%[},outer R” 1 m R” ( )
Thus we have shown that in the asymptotic iid limit:
outer iid (n) outer
R < R < hm RIU inner < RU )
SRENCT .= lim  lim Rﬁj Z)mwr(al, £9) = RUd — Router

€1,62—0n—o0
The following fact states that the region lim._,o R%4(¢) = RE4,
Fact 10: Consider the asymptotic iid setting for universally simulating a MAC gy |x, x, (see Definition @) for
any ¢ € (0,1). Let an outer bound on the cost region for this task be
<e,,
tod }

R”d( )= {(RLR2> R; >maXI(XJaU)px PU;IX;0 jeiLz}, Px oy s:t. max
Px;

prp?:f ~ Yy |X=z
with |U;] < |&1||Xs||Y] for j € {1,2} then:
Rt = (\Ri(E),
e>0
where R4 := {R > maXp, I(Xj; Uj)pxijj‘Xj, for j € {1,2}, Pxpy StPyig—z = qyp—(»:f}.

The proof of the above fact is almost the same as that of Fact[/| using the continuity of the function
maxp, I(U;; X; )pX P, 1, with respect to the argument py;, | x, (see [27, Lemma 12 and Corollary 13] by considering
pu,|x, as channels).

APPENDIX E
ONE-SHOT MEASUREMENT COMPRESSION

A. Task and achievability

We first recall one of the most fundamental theorems of quantum information theory that is used to prove
the existence of an isometry which can serve as either encoder or a decoder. This is the following widely used
Uhlmann’s theorem.

Fact 11: Uhlmann’s Theorem [28] Consider (finite dimensional) density matrices p4, o4, Let |¢p)AB be a
purification of p#, and let |¢U>AC be a purification of o. Then there exists an isometry V% such that,

F(IA® V) |6oXbol (I @ V), [Yo) o)) = F(pA,04), where F(p,0) := |\/pv/a |, -

We now state a version of Uhlmann’s theorem for CQ states, which we shall be using in our achievability proof
of Lemma 3.1

Fact 12: [20, Claim 4] Let goEE/U 7EIU be two CQ states of the form

oY Zp U@ pupul ™ and TV = 3 q(u) fuul” @ )] !

u
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Then there exists a set of isometries indexed by the contents of the classical register U, denoted by {V.¥' =1} such

that
({Zm ®IE®V} EEU{ZU ®[E®VT} EIU):F(QOEU,TEU).

We now define the task of one-shot measurement compression with feedback which was studied in [20].

Definition 12: [20, Definition 1] Let A~ be a quantum measurement described as

= AR () = gTr[Apr] o)zl ® gy

and let |1[})EA be any purification of p®. Then for any given e € (0,1), a purification |n)¥#**" of nZX with
X 2 X', an (R, ¢)-quantum measurement compression protocol with feedback consists of:

o A pre-shared random state S4'4” between the sender and the receiver
o A rate limited noiseless classical channel of rate R;
o Encoder Eneas. comp. HX' @ HY — [1:2F] and a Decoder Dieqs. comp. © [1: 2 @ H¥ — HX such that

<e

EE'XX' A’A” EE'XX'
®5 ) N ‘ tod
v

HDmeas. comp. © Emeas. comp. (77

Note that the amount of classical communication required for the above task is R bits.

An achievable rate for the above measurement compression task was given in [20, Theorem 1]. To obtain a one-shot
achievable rate for simulation of CS-QC MAC with feedback, we will employ the protocol of [20] individually for
each sender. However, we characterize the required rate in terms of our definition of 15, (see (3)) by modifying
the analysis slightly. The exact statement of the convex split lemma for CQ states with its characterization in terms
of I3 ., according to (3) is given in Fact 3}

max

We further recall that the task of quantum measurement compression with feedback is very similar to that of
quantum state splitting [21]]. Both these tasks, in turn use convex split lemma of Fact [3] to quantify the rate. We
also use Fact 3| to derive our CS-QC MAC with feedback simulation rate region and hence the minute distinction
between measurement compression with feedback and quantum state splitting is not useful for our purpose. In
fact we essentially prove the achievability for the task of Definition [12] (similar to that of [20, Theorem 1], but
with a slightly different definition of I, ) to derive RSmeT (€1,€92,9) given by (51I) in Definition I This is
because we can equivalently see our encoding as the simulation of the post-measurement states =5 >E B3 X X U5 s
by compressing U and allowing the receiver to reconstruct it, so that the overall joint-state shared with the receiver

is still close to |;)™ EjXiXJU;Us and receiver holds the register U; relabelled as U; in Lemma [3.1| (see (38)).

B. Proof of Lemma [3.1|

We give a self-contained proof of the achievable rates mentioned in Lemma [3.1] This follows by the direct
apphcatlon of the convex split lemma to the states |g0 )E EjX, XU, U with the shared randomness as n;-fold iid
copy of S - = >, bu, (uy) |ui)ui|% @ uj)Xuj|”, where the registers Uj1,---,Uj,, are held by the sender
and U7y, ..., U; ’ n, are ‘held by the receiver. Further, the distribution py;, of the shared randomness is the optimizing
distribution on U ; in the definition It (Ej;Uj)y, (see (3)). Recall that the CQ state |p;) from and its reduced

E;U, .
state ¢ from (57) are given as:

>E_7»E;X_7~X]"U_7»Uj _ >E.7E§

ujuj>U7Uj |z, and

X, X
l; px;,u; (@), u5) [wjz) ™

Tj,Uj

E,U; Uj o ~E; s B
07 =" pu, (uy) [us | @ @E with @5 =" px o (x5]u;) @k
~

Uj
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We will thus use the convex split lemma from Fact (3| for transmitting Uj to the receiver such that the correlation
of U; with the (untouched) environment E); is (almost) preserved. We define the following convex split state and
its CQ extension with the quantum system of the CQ state being pure, for each sender j:

E;U; 4,..U. E,U, U,
1 *ZSD Q) S

’L]—l ]C#’LJ
B, X;X}U; U0, U, Ul Uj
1y E PUL U, (U5 Uy ) UL U Ut |
ull
n; 1 n; 1
urLLur, I E;E/X; X/ . E,E/X; X!
® [ -, Yoar -, [T @ G Y i)™ oo, )N D — Gl (o [
i;=1 J ;=1 J
(124)
E, B[ X; X/ E,E, XX Qi -
where [y, )T =50\ px o, (@5]w; ) [@a,) T |2jey) 7 7. Similarly, we have the following CQ exten-
. . . E. n; Ui,
sion with the quantum system being pure, of the state PR ® Sj )
.=
E, B} X;X;U,0,U;,U},..U; , Uf, Ul Ul
®; E DU, Uy (W15 ooy Uy ) [, e U XUy Uy [0
ufl
‘UjflUN EjEJ/-XjX}/UjUj . (125)

25 @ [ Xwj]
Convex split lemma from Fact (3| implies that for logn; > Ifrfa_xd (E;;U;5) + 2log %, it holds that:

® |u1, ..y U, UL, -, Un,

n] ! ’
Ej U]’,k EjUj,U"'?Uj,nj
o Q)8 — 1 S g - (126)
k=1 tvd

We can now apply the CQ Uhlmann’s theorem from Fact [12] due to the desired structure of the CQ extensions

of p1; and ¢y, in equations (124) and (125) , respectively. Thus, from Fact [T2] there exists a conditional isometry
B/ X, X[ U;U;—E| X, X/ I,

| i 7 such that, for
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ij depends on the contents of shared randomness w1, . . . , up,; and the classical registers Uj, U; (since Uj is classically
correlated with E; via X, the action of the isometry above holds without any loss of generality), we get:

_E,E/ X, X/ LU, U/, UL U E;EBX; X/ LU, U/ ..U, U
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Vi Hj <ej. (129)

tvd

e We now give a protocol that allows the receiver to recover the state @f X5Us & goE X0, (by recovering U

from U] ):

|Ej B/ X;X!'U;U;

. . i yrour .
1) &; has the state [p;)@; as input with access to the random state @) S; " " shared with the

k=
receiver. £; applies the conditional isometry Vul,...,unj , conditioned on the contents of the shared randomness
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register from (127), to the input and obtains the state ;. This creates the necessary correlation between E
and the shared random state S; and is recorded in the register /;.

2) &; then measures the register /; and sends the classical message ¢; using logn; bits to the receiver. Thus,
the rate of the protocol is (from Fact [3):

1
R; :=logn; > I50(E;; Uy, + (10g 5) . (130)

Note that logn; here is the rate R; of the main CS-QC MAC simulation protocol for Lemma [3.1}

3) The final overall state is o 3 X5Us . Using (I29) the encoder &; can pretend as if step 2 is applied on the
state y; as input, which Would have resulted in the overall output state of the protocol with U; ~ py, at the
receiver’s end. Thus, the encoder for our CS-QC MAC simulation protocol is

Ejmeas.comp = {[i)i51} 70 > fur . un, Nuy -,

U1 7-"7un7~

Ul X, XU U, EL X XY T,
| " ] " & Vul un ’

where {|i;)(i;|}/7 denotes the measurement in the computational basis |i;)i;| for the j""-sender. The receiver
picks up the shared random register U J’.’ i given in (127) and relabels it to U, as its finally recovered state.
4) Let the step 2 of the encoder £; measuring [; and transmitting the measurement outcome 7; and the step 3
of the receiver recovering U; from U J’-’ ;. register be represented as a quantum operation O;.
297
Thus we have:
(@)

’ E;X,;U;  ~E;X;U;
tvd

©)
R <e, (131)

tvd

0 — 0 (I%X%‘\ &R |Sj><sj|)
k=1

where (a) follows from steps 2 and 3 of the protocol above defining Oj; (b) follows from the equation (129)
and the monotonicity of the total variation distance. Hence, from equation (I31)) we get that:

(132)

“pXj,U

Js

To finish the protocol, the decoder of the CS-QC MAC simulation achievability protocol use these states
cﬁ?" to generate Y ~ Py |00, Note that the quantum operation O; = Dj meas.comp. © Ejmeas.comp. 1 the
encoder-decoder operation for each sender, before the final decoding of Uy, Us to obtain the desired output
Y.

Remark 3.3: We note that the encoding above is essentially the same as that of [20, Theorem 1]. The only
difference is that the aforementioned reference proves the achievability for one-shot measurement compression with
feedback using a different definition of the smoothed max-mutual information than our Definition 4] If we employ
the achievability of [20, Theorem 1] with the definition of I . considered therein, we get different slack factors.

A direct comparison of the different definitions of smoothed max-mutual information (including our Definition [4))
can be found in [29].
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