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Homework Exercise 1: TM-Analysis [4 points]
Betrachten Sie die Turing-Maschine M = (Q, {a, b}, {a, b, A, B, .}, 6, qo, {Gr})
wobei Q = {qqo, Ry, Ry, Lo, Ly, Eqs Ep, Ca, Cp, L, gr} und 6 gegeben ist durch folgenden Graphen.

a) [1 point] Give the computation of this machine on input aaab, especially whenever it reaches
do Of G-

b) [3 points] Determine the computed (partial) function, as well as an informal description of
how this TM works. Briefly describe the task each state performs.
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Homework Exercise 2: Composition of computable functions [4 points]
Letf: A 4 Bandg: B - C partial computable functions.

a) [3 points] Show by constructing a suitable TM, that the compositiong o f : A 4 C with
(g o f)(w) = g(f(w)) is computable.

b) [1 point] For which inputs is this function undefined?

Remark: Just waiting for the right state in both TMs would not always do the trick. Why could

this be? How could this cause problems in the resulting algorithm? You will need to beware the
definition of computable functions from the lecture.



Homework Exercise 3: Operations on decidable languages [4 points]
Let K, L € X" be decidable languages. Prove that

a) [1 point] Prove that the union KU L,
b) [1 point] the intersection KN L,
c) [2 points] as well as the concatenation K.L = {k./ € X" | k € K, | € L} are decidable.

Do this by providing deciders for each of the languages, given arbitrary deciders M for Kand M,
for L, and explain their behavior. You do not need to give a formal construction as a tuple.

Homework Exercise 4: Totality [4 points]
With the lecture’s Halting Problem in mind, consider the following, slightly-different problem.

Totality

Given: Turing machine M
Question: Does M halt on every input w € {0, 1}*?

a) [2 points] Letf: N — {0, 1}" be a computable partial function. Show thatd : N - {0, 1}" with
d(n) := 101M¢,)(f(n)) is also computable. Here, let A(x) denote the output of a TM A on input
x, if there is one, and otherwise be undefined.

b) [1 point] Given that Totality would be recursively-enumerable, show that a total, computable
d as defined above exists.

¢) [1 point] Now show by contradiction with the use of a diagonalization, that Totality is not
recursively-enumerable.

Exercise 5:

Given the following non-deterministic Turing Machine M with two tapes. Itis labeled by 6-tuples
in(FxTx{L,N; R})z. Describe the behavior of the machine M, especially the behavior of each of
its control states. (Hint: It uses least-significant-bit-first encoding)
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Exercise 6:
Show that the problem Prime Number is decidable.

Prime Number

Given: A numbern € N
Question: Is na prime number?

Give an algorithm in pseudo code.

Exercise 7:
Konstruieren Sie zu einem beliebigen PDA A = (Q,X,T, go, #, ) mit Akzeptanz beim leeren
Stack, eine NTM M mit £(M) = L(A). Erklaren Sie, warum ihre Konstruktion korrekt ist.

Exercise 8:

Betrachten Sie das Problem List Membership und die dazugehorige Sprache tUber X = {0, 1, #}.
Konstruieren Sie formal einen Entscheider fir L membership- Si€ dlrfen auch mehrere Bander be-
nutzen.

List Membership

Given: Liste von Zahlen ny, n,, ... n, € Nund eine Zahl k € N
Question: Taucht kin der Liste auf?

Exercise 9:
Zeigen Sie, dass das Problem Uniqueness entscheidbar ist. Nutzen Sie dazu eine Darstellung
lhrer Wahl. Dazu kénnen Sie lhren Entscheider flir L;is; membership als Subroutine benutzen (siehe

vorherige Aufgabe).
Uniqueness
Given: Liste von Zahlenny,n,,... . n, €N
Question: Sind alle Zahlen in der Liste paarweise verschieden?




